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Part IExer
isesA Revision of statisti
al physi
s based on Appendi
es A and B1. The eigenvalues of the S
hr�odinger equation for an assembly of N independent parti
les in avolume V take the form: Ei = BiV �
where the Bi are independent of V; and 
 = 2=3 or 1=3; a

ording to whether the parti
leshave energies whi
h are small or large when 
ompared with their rest mass energy. Show thatthe pressure in su
h an assembly is given byP = 
EV �1:2. Show that the 
u
tuations in the pressure and total energy of a 
uid in a 
ontainer of �xedvolume V , satisfy the relation h�E�P i = kT 2 ��hP i�T �V ;provided that the 
uid is in thermal equilibrium.3. Consider a 
uid in a 
ontainer whose walls are 
exible so that its volume may take on any oneof a set of values fV�g: Obtain the probability pi;� of �nding the 
uid to be in the eigenstatei with volume V�: Identify the two Lagrange multipliers appearing in your result, given thatthe mean energy and mean volume of the assembly are E and V ; respe
tively.4. If the Gibbs entropy, as given by eqn (A.8) for an assembly in an ensemble, is spe
ialised tothe 
ase of an isolated system, show that it redu
es to the usual Boltzmann form, viz.,S = k ln
;where 
 is the statisti
al weight of a given ma
rostate.5. A system in the 
anoni
al ensemble has a

ess to states with energy eigenvalues Ei: Show thatits probability of o

upying a state j ii 
an be written aspi = e�(F�Ei);where � = 1=kT and F is the Helmholtz free energy.Verify that the mean energy of the assembly 
an be written asE = ��� (�F );and further show that the general (n+ 1)-order moment of the deviation from its mean valuesatis�es h(E �E)n+1i = � ��� h(E �E)ni+ nh(E �E)n�1i�E�� :By spe
ialising this general form, obtain the resultCV = 1kT 2 [hE2i � hEi2℄ :
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B Introdu
ing magnetism, 
u
tuations and 
riti
al phenomena1. A magneti
 assembly at a �xed temperature T is subje
t to an applied magneti
 �eld B. If thenet magneti
 moment of the assembly in state jii is Mi, in the dire
tion of the applied �eld,then the asso
iated energy eigenvalue is given byEi = ei(B = 0)�MiB;where ei(B = 0) is the energy arising from the mutual intera
tion of latti
e spins.Show that 
u
tuations of the magneti
 moment about its mean value are given by4M2 = hM2i � hMi2 = kT�T ;where �T is the isothermal magneti
 sus
eptibility de�ned by�T = [�hMi=�B℄T :2. Show that the isothermal 
ompressibility of an ideal gas is given byKoT = 1nkTwhere n is the number density[ Note: in general the isothermal 
ompressibility of a 
uid is given byKT = � 1V ��V�P �T : ℄3. If the number of parti
les N in an assembly 
u
tuates about some mean value N , the partitionfun
tion may be written as Z =Xi;N e��Ei+��N ;where � is the 
hemi
al potential and the other symbols have their usual meaning. Verify bydire
t di�erentiation that the mean-square 
u
tuation in parti
le number is given by:hNi2 � hN2i = (kT )2 �2 lnZ��2 !T;V :4. Show that the mean-square 
u
tuation in parti
le number in a 
uid may be expressed in termsof the isothermal 
ompressibility KT , Thus:KTK0T = h(N � hNi)2ihNiwhere K0T is the 
ompressibility of an ideal gas.[Note: the following relationships may be found helpful:PV = kT lnZ;��P���T;V = n = NV ;and KT = � 1N ��V�� �T;N ;where � is the 
hemi
al potential℄ 3



5. Sket
h the isotherms for a 
uid in the PV plane for T in the neighbourhood of T
. Comment onthe behaviour of the isothermal 
ompressibility as T ! T
, and also on the related behaviourof the density 
u
tuations.Show that a divergent sus
eptibility is mathemati
ally related to an in
rease in the 
orrelationlength of density-density 
u
tuations and 
omment on the experimental manifestation of thise�e
t.[Note: the density-density 
orrelation G(r� r0) is de�ned by:G(r� r0) � hfn(r) � hn(r)igfn(r0)� hn(r0)igi;where n(r) is the lo
al number density℄.C Exer
ises for Chapter One1. Show that the number a is a �xed point of the dynami
al systemX(n+ 1) = f((X(n));if a satis�es the equation: a = f(a):Hen
e show:(a) That a = 3 is the �xed point of the dynami
al systemX(n+ 1) = 2X(n) � 3:(b) That the dynami
al system X(n+ 1) = rX(a) + bonly has a �xed point at in�nity if r = 1.2. Obtain and verify the two �xed points of the dynami
al systemX(n+ 1) = [X(n) + 4℄X(n) + 2:Cal
ulate X(n) to four-�gure a

ura
y for initial values X(0) = �1:01;�0:99 and �2:4 takingvalues of n up to n = 7 and 
omment on the results.3. The logisti
 equation of population growth takes the formX(n+ 1) = (1 + r)X(n)� bX2(n)where r is the growth rate (r = births { deaths) and b = r=L, where L is the maximumpopulation whi
h the environment 
an support. Obtain the two �xed-point values of thesystem and brie
y 
omment on their physi
al signi�
an
e.4. For any system whi
h undergoes a single phase transition, two of the �xed points may imme-diately be identi�ed as the low-temperature and high-temperature �xed points. Dis
uss thephysi
al signi�
an
e of these points and explain why they are attra
tive.How would your 
on
lusions be a�e
ted if we 
hose to apply these arguments to the one-dimensional Ising model as a spe
ial 
ase?5. A system has energy levels Ei = 0; �1; �2; �3 : : : with degenera
ies gi = 1; 2; 2; 1 : : : : The systemis in equilibrium with a thermal reservoir at temperature T; su
h that e���j � 1 for j > 4:Work out the partition fun
tion, the mean energy and the mean squared energy of the system.N.B. An energy level with a degenera
y of two implies two states with the same energy. Thepartition fun
tion is a sum over states, not levels.4



6. When a parti
le with spin 12 is pla
ed in a magneti
 �eld B, its energy level is split into ��Band it has a magneti
 moment �� (respe
tively) along the dire
tion of the magneti
 �eld.Suppose that an assembly of N su
h parti
les on a latti
e is pla
ed in a magneti
 �eld B andis kept at a temperature T . Find the internal energy, the entropy, the spe
i�
 heat and thetotal magneti
 moment of this assembly.D Exer
ises for Chapter Two1. A linear 
hain Ising model has a Hamiltonian given byH = �N�1Xi=1 JiSiSi+1:Show that the partition fun
tion takes the form:ZN = 2N N�1Yi=1 
oshKi;where Ki � Ji=kT is the 
oupling parameter.Obtain the spin-spin 
orrelation fun
tion in terms of the partition fun
tion and show that foruniform intera
tion strength it takes the form:Gn(r) � hSnSn+ri = tanhrK:where K is the 
oupling 
onstant for the model.Comment on the possibility of long-range order appearing in the 
ases: (a) T > 0; and (b)T = 0.2. Show that the transfer matrix method may be extended to the 
ase of an Ising ring lo
atedin a 
onstant �eld B and hen
e obtain the free energy per latti
e site in the form:f = �J � 1� ln[
osh �B � (e2�J sinh2 �B + e2�J) 12 ℄;where all the symbols have their usual meaning.[Hint: When generalizing the transfer matrix to the 
ase of non-zero external �eld rememberthat it must remain symmetri
 in its indi
es.℄Obtain an expression for the spe
i�
 magnetization m = hSi, and dis
uss its dependen
e onthe external �eld B. 
omment on your results.3. The RG re
ursion relations for a one-dimensional Ising model in an external �eld B may bewritten as; x0 = x(1 + y)2(x+ y)(1 + xy) ; y0 = y(x+ y)(1 + xy) ;where x = e�4J=kT and y = e�B=kT . Verify the existen
e of �xed points as follows: (x�; y�) =(0; 0); (x�; y�) = (0; 1) and a line of �xed points x� = 1 for 0 � y� � 1: Dis
uss the physi
alsigni�
an
e of these points and sket
h the system point 
ows in the two-dimensional parameterspa
e bounded by 0 � x � 1 and 0 � y � 1:4. Verify that summing over alternate spins on a square latti
e results in a new square latti
erotated through 45Æ relative to the original latti
e and with a s
ale fa
tor of b = p2:Also verify that the e�e
t of su
h a de
imation on the Ising model is to 
hange the originalpartition fun
tion involving only pairs of nearest neighbours to a form involving nearest-neighbours, next-to-nearest neighbours and the produ
t of four spins taken `round a square'.5



E Exer
ises for Chapter Three1. On the basis of the Weiss mole
ular �eld theory, show that the Ising model 
annot exhibit aspontaneous magnetisation for temperatures greater than T = T
, where the Curie temperatureis given by T
 = J=k.2. An isolated parallel plate 
apa
itor has a potential di�eren
e V between its ele
trodes, whi
hare situated at x = �a: The spa
e between the ele
trodes is o

upied by an ioni
 solutionwhi
h has a diele
tri
 
onstant of unity. Obtain an expression for n(x); the spa
e 
hargedistribution, whi
h exists after the system has rea
hed thermal equilibrium. For the sake ofsimpli
ity you may assume that the potential di�eren
e between the plates is so small thateV � kT:[Hint: take x = 0 as a plane of symmetry where:(a) n+(0) = n�(0) = n0 (say)(b) the potential equals zero.℄3. Using the Landau model for phase transitions obtain values for the 
riti
al exponents �; 
 andÆ.F Exer
ises for Chapter Four1. Use the high-temperature expansion to show that the partition fun
tion of the (open) Isinglinear 
hain takes the form ZN = 2N 
oshN�1K;and explain the di�eren
es between this and the result for the Ising ring.2. Use the method of high-temperature expansion to obtain the spin-spin 
orrelation hSnSmi ofthe Ising model as hSmSni = Z�1N 
oshP K 2N PXr=1 fmn(r)vr;where P is the number of nearest neighbour pairs, v � tanhK and fmn(r) is the number ofgraphs of r lines, with even verti
es ex
ept at sites m and n.Show that for the 
ase of the Ising linear 
hain, this redu
es tohSmSni = vjn�mj;and draw the 
orresponding graph.3. If one 
an assume that the interparti
le potential �(r) is large (and positive) on the s
ale ofkT; for r < d; and is small for r > d; where d is the mole
ular diameter, then it may be shownthat the se
ond virial 
oeÆ
ient 
an be written asB2 = B �A=kT:Obtain expli
it expressions for the 
onstants A and B, and show that the resulting equationof state may be redu
ed to the Van der Waal's equation.4. If a gas of intera
ting parti
les is modelled as hard spheres of radius a, show that the se
ondvirial 
oeÆ
ient takes the form: B2 = 2�a33 :Given that the third virial 
oeÆ
ient may be written as:B3 = 13 Z d3r Z d3r0f(jrj)f(jr0j)f(jr� r0j) ;6



where f(r) = e���(r) � 1, show that this is related to the se
ond virial 
oeÆ
ient B2 byB3 = 58 B22 ;for a system of hard spheres.5. A gas 
onsisting of N 
lassi
al point parti
les of mass m o

upies a volume V at temperatureT . If the parti
les intera
t through a two-body potential of the form:�(rij) = Arnij ;where A is a 
onstant, rij = jqi � qj j and n is positive, show that the 
anoni
al partitionfun
tion is a homogeneous fun
tion, in the senseZ(�T; ��3=nV ) = �3N( 12� 1n )Z(T; V ) ;where � is an arbitrary s
aling fa
tor.6. Prove the identity ��xe��H = � Z �0 e�(��y)H �H�x e�yHdy;to se
ond order in � by equating 
oeÆ
ients in the high-temperature (small �) expansion ofea
h side of the relation, where H is an operator.7. Show that at high temperatures, the heat 
apa
ity of a quantum assembly 
an be written asCV = 1kT 2 (Tr(H2)Tr(1) � [Tr(H)℄2[Tr(1)℄2 + 0(�)) ;where � = 1/kT.8. Show that the use of the Van der Waals equation,�P + aV 2� (V � b) = NkT;to des
ribe phase transitions in a 
uid system leads to the following values for the 
riti
alparameters: P
 = a=27b2; V
 = 3b; NkT
 = 8a=27b:Hen
e show that the Van der Waals equation may be written in the universal form�~p+ 3~v2� (3~v � 1) = 8~t;where ~p = P=P
; ~v = V=V
; ~t = T=T
:9. By re-expressing the Van der Waals equation in terms of the redu
ed variables; P = (P �P
)=P
; v = (V � V
)=V
 and �
 = (T � T
)=T
, obtain values for the 
riti
al exponents 
 andÆ. Comment on the values whi
h you obtain.
7



G Exer
ises for Chapter Seven1. Prove the 
riti
al exponent inequality �+ 2� + 
 � 2[Hint: you may assume the relationship�T (CB � CM ) = T (�M=�T )2B ;where CB and CM are the spe
i�
 heats at 
onstant �eld and magnetisation respe
tively.2. Additional 
riti
al exponents 
an be obtained if we di�erentiate the Gibbs free energy repeat-edly with respe
t to the external magneti
 �eld B, thus:(�`G=�B`)T = G(`) � �4`C G(`�1);where the 4` are known as the "gap exponents" and �
 is the redu
ed temperature. On thebasis of the Widom s
aling hypothesis, show that the gap exponents are all equal and givetheir value in terms of the parameters of the Widom s
aling transformation.3. If we denote the order parameter (or spe
i�
 magnetisation) by M , show that the mean-�eldsolution of the Ising model 
an be written asM = tanh � M1 + �
 + b� ;where �
 is the redu
ed temperature and b = �B is the redu
ed external magneti
 �eld.By 
onsidering m for temperature 
lose to T
 and for zero external �eld, show that the asso-
iated 
riti
al exponent takes the value � = 12 .[Hint: the following expansion tanhx = x� 13x3 + 0(x5);for small values of x, should be helpful.℄4. Obtain an expression for the mean energy E of the Ising model when the applied �eld is zero,using the simplest mean-�eld approximation. Hen
e show that the spe
i�
 heat CB has thebehaviour: CB = 0; forT > T
;= 3Nk=2; forT < T
:What is the value of the asso
iated 
riti
al exponent � ?5. By 
onsidering the behaviour of the order parameter at temperatures just above the 
riti
alpoint, show that the 
riti
al exponent 
, whi
h is asso
iated with the isothermal sus
eptibility,takes the value 
 = �1 a

ording to mean-�eld theory.Also, by 
onsidering the e�e
t of an externally applied magneti
 �eld at T = T
, show thatthe exponent asso
iated with the 
riti
al isotherm takes the value Æ = 3. [In the latter 
ase,the identity tanh(x+ y) = tanhx+ tanh y1 + tanhx tanh y ;may be helpful.℄6. Show that the optimal free energy of an Ising model, whi
h 
orresponds to the mean-�eldtheory, may be written in the form:F = �N� ln[2 
osh(�BE)℄ + N2zJ (BE �B)2;where � = 1=kT , B is the externally applied magneti
 �eld, BE is the e�e
tive �eld experien
edby ea
h spin, z is the 
oordination number and J is the intera
tion strength.8



7. Consider an Ising model where the external �eld Bi depends on the position of the latti
e sitei. Show that the 
ondition for the free energy to be a minimum takes the form:B(i)E �Bi = J Xhji hSjio ;where all the symbols have their usual meaning and the notation indi
ates that the sum overj is restri
ted to nearest neighbours of i. Also show that the optimal free energy takes theform: F = �N� ln h2 
osh ��B(i)E �i+ 12Xi �B(i)E �Bi� hSiio :8. A generalized Ising model has the usual Hamiltonian but ea
h spin variable takes the values:Si = �t;�t+ 1; ::::; t � 1; t;where t may be either an integer or a half-odd integer. Using mean-�eld theory �nd the
riti
al temperature of this system, and then use this result to re
over the 
riti
al temperature
orresponding to the standard two-state Ising model.[Note: you may assume the relationship:tXS=�t exS = sinh h�t+ 12�xisinh[x=2℄ :℄9. The Heisenberg model for ferromagnetism is given by the Hamiltonian:H = �J X<i;j>Si:Sj �Xi B:Si ;where Si is a three-dimensional unit ve
tor and B is a uniform external magneti
 �eld. Usemean �eld theory to obtain an expression for the 
riti
al temperature T
.[Hint: Take the external �eld to be in the ẑ dire
tion.℄10. The Hamiltonian of a 
ertain model system is given byH = �JN Xij SiSj �BXi Si ;with Si = �1. Show that the system undergoes a phase transition in all dimensions and �ndthe 
riti
al temperature in the thermodynami
 limit N !1.Comment on the impli
ations of this result for the Ising model.H Exer
ises for Chapter Eight1. The RG re
ursion relations for a one-dimensional Ising model in an external �eld B may bewritten as; x0 = x(1 + y)2(x+ y)(1 + xy) ; y0 = y(x+ y)(1 + xy) ;where x = e�4J=kT and y = e�B=kT . Verify the existen
e of �xed points as follows: (x�; y�) =(0; 0); (x�; y�) = (0; 1) and a line of �xed points x� = 1 for 0 � y� � 1: Dis
uss the physi
alsigni�
an
e of these points and sket
h the system point 
ows in the two-dimensional parameterspa
e bounded by 0 � x � 1 and 0 � y � 1: By linearising about the ferromagneti
 �xed point,obtain the matrix of the RGT and show that the asso
iated 
riti
al indi
es are y1 = 2; y2 = 1for s
aling fa
tor b = 2. 9



2. The Hamiltonian for the one-dimensional Ising model in an external �eld B may be writtenas H = �K X<ij>SiSj ���BXi Si �Xi C;where C is a 
onstant, ba
kground term. Show that the partition fun
tion for the system maybe written as a produ
t of terms, ea
h of whi
h depends on only one of the even-numberedspins. Hen
e, by partial summation over the even-numbered spins, obtain the re
ursion rela-tions for K 0; B0 and C 0.3. Consider the two-dimensional Ising model under de
imation on a square latti
e. If we only takeinto a

ount the 
oupling 
onstants K (nearest-neighbour intera
tions) and L (next-nearest-neighbour intera
tions), the re
ursion relations are given byK 0 = 2K2 + L; L0 = K2:Find the �xed points for these renormalization group equations and identify the 
riti
al one.Linearising the RGT about this point, obtain a value for the 
riti
al exponent �.4. Dis
uss bond per
olation on a two-dimensional square latti
e and, drawing analogies withthe Ising model where appropriate, introdu
e the 
on
epts of 
riti
al probability, 
orrelationlength, and 
riti
al exponent.Show that the 
riti
al probability for this problem is p
 = 12 .Apply the renormalization group to bond per
olation, using a s
heme in whi
h alternate sitesare removed from the latti
e. Show that the RG equation takes the formp0 = 2p2 � p4;where p0 is the probability of two sites being 
onne
ted on the new latti
e and p is the analogousquantity for the old latti
e. Verify that the �xed points are p� = 0; p� = 1, and p� =(p5� 1)=2 ' 0:62, and dis
uss the nature of these �xed points.By linearizing the RG transformation about a �xed point, show that the relevant eigenvalueof the transformation matrix is given bu�1 = 4p�(1� p�2):Using this result, obtain a numeri
al value for the 
riti
al exponent �.I Exer
ises for Chapter Nine1. A parti
ular model for the 
riti
al behaviour of spins on a d-dimensional latti
e leads torenormalization group equations of the formp0 = b2p+ C(b2 � b�)q +O(pq);q0 = b�q ;where p and q are the 
oupling 
onstants, C is a system 
onstant whi
h is positive and real,� = 4 � d, and b is the usual (length) s
aling fa
tor. By linearising about the �xed point(p�; q�) = (0; 0), obtain the matrix of the RGT and show that the asso
iated 
riti
al indi
esare y1 = 2 and y2 = 4� d.Brie
y dis
uss the nature of this �xed point.Given that the 
riti
al indi
es for this model are the same as those for the mean-�eld theoryof the Ising model, 
omment brie
y on the validity or otherwise of mean-�eld theory.10



2. A parti
ular model for the 
riti
al behaviour of spins on a d-dimensional latti
e leads torenormalization group equations of the formd�(b)d ln b = 2�(b) + �2�(b)16�2 � �(b)�(b)16�2 ;d�(b)d ln b = ��(b)� 3�2(b)16�2 ;where � and � are the 
oupling 
onstants, � is a system 
onstant whi
h is positive and real,� = 4�d, and b is the usual spatial res
aling fa
tor. These equations are valid for small valuesof �. Given that the 
riterion for a �xed point (��; ��) isd��(b)d ln b = d��(b)d ln b = 0;verify that a �xed point (to order �) is given by�� = 16�2�3 ; and u� = ��2�6 :By linearising about the �xed point, obtain the matrix of the RGT and show that the asso
iated
riti
al indi
es are y1 = 2� �=3 and y2 = ��.Brie
y dis
uss the nature of the �xed point with parti
ular referen
e to the dimensionality ofthe latti
e.Show that an expression for the 
riti
al exponent � 
an be written as:� = 12 + �12 +O(�2) :Part IISolutionsJ Solutions to Exer
ises A1. The analogue of eqn (B.11) for pressure in the 
anoni
al ensemble when extended to the grand
anoni
al ensemble is P = �Xi;N ��Ei;N�V � pi;N :Given: Ei;N = BiV �
therefore P = �Xi;N (�
)BiV �
�1pi;N = 
Xi;N BiV �
V dpI;N = 
V Xi;N Ei;Npi;N = 
EV :2. h�E ��P i = h(E �E)(P � P )i = hE � P i � hEihP i:Now (B.13) gives Pi = ��Ei=�V;hen
e hE � P i =Xi piEi�Ei�V = � 1ZXi e�Ei=kT �Ei�Ei�V :Clearly we now want to get this into the form:11



hEihP i plus `something else'.Note: Eie�Ei=kT = (+kT 2) ��T e�Ei=kT = kT 2 ��T (Zpi):Substitute into the formula for hE � P i to obtain:hE � P i = � 1Z kT 2 ��T ZXi pi�Ei=�V = kT 2Z ��T fZhP ig;(remember Pi = ��Ei=�V ).Now di�erentiate the produ
t ZhP i with respe
t to T and use the identity:Z�1�Z=�T = � lnZ=�T;with the result: hE � P i � hP ihEi = h�E ��P i = kT 2�hP i=�T:3. Put �y = �E and �z = ��: then eqn (A.23) be
omespi;� = Z�1e�(�EEi;�+��V�);and (A.24), (A.25) 
an be generalised as appropriate. The 
onstraints are given byE =Xi;� pi;�Ei;�; V =Xi;� pi;�V�:To identify the multipliers �E ; �� we 
ompare the ma
ros
opi
 expression for dE (
ombined1st and 2nd laws of thermodynami
s) with the mi
ros
opi
 predi
tion.From thermodynami
s dE = TdS � PdV +X
 X
dx
 :From eqn(B:6) dE =Xi;� Ei;�dpi;� +Xi;� pi;�dEi;�:Also, dS = �EXi;� Ei;�dpi;� + ��Xi;� V�dpi;�:Entropy is varied at 
onstant V; so the 
onstraint on V givesdV =Xi;� V�dpi;�;thus dS = �EXi;� Ei;�dpi;� + ��dV ;and so Xi;� Ei;�dpi;� = dS�E � ���E dV ;hen
e dE = ds�E � ���E dV +X
 8<:Xi;� pi;��Ei;��x
 dx
9=; :Comparison of the `mi
ro' and `ma
ro' forms of dE leads to�E = 1=T ; �� = P=T:12



4. By equal a priori probabilities pi = 1
 ;for all i, where 
 is the number of mi
rostates. The Gibbs entropy is given byS = �kXi pi ln pi:Every member of the summation is the same and there are 
 mi
rostates, hen
eS = �k�
� 1
��ln 1
� = �k(� ln
) = k ln
;as required.5. From (B.18) we have E = �k ��(1=T ) lnZ = �� lnZ�� ;for � = 1=kT:From thermodynami
s, free energy F = E � TS andS = �kXi pi ln pi = k lnZ +E=T :Thus: F = �kT lnZ = ���1 lnZ:It follows that Z = e��Fand, pi = e�(F�Ei):and so: E = � ��� (��F ) = ��� (�F ):Now h (E �E)n+1i =Xi (Ei �E)n+1pi= Xi (Ei �E)n+1e�(F�Ei) = �X(Ei �E)n ��� e�(F�Ei)= � ��� Xi (Ei �E)ne�(F�Ei) +Xi e�(F�Ei) ��� (Ei �E)n= � ��� h(E �E)ni+ nXi e�(F�Ei)(E �E)n�1 �E��= � ��� h(E �E)ni+ nh(E �E)n�1i�E�� :For the 
ase n = 1 : h�E2i = h(E �E)2ihE �Ei = 0:Making the 
hange of variable and doing the di�erentiation at 
onstant V;�E�� ! kT 2CV :13



K Solutions to Exer
ises B1. Given Ei = ei(B = 0)�MiB; (�)the probability of assembly being in state jii ispi = eZ �Ei=kT :Obviously from equation (*), the instantaneous magneti
 moment is given byMi = ��Ei=�B:Thus mean value of magneti
 moment is given by:hMi =Xi Mipi = �Xi �Ei�B � e�Ei=kTZ = �kT � lnZ�B :Introdu
e: �T = �hMi�B �T =Xi Mi �pi�B= �1kT Xi Mipi�Ei�B � � lnZ�B Xi Mipi= 1kT fhM2i � hMi2g;therefore �M2 = hM2i � hMi2 = kT�T :2. KT = � 1V ��V�P �T :For an ideal gas, PV = NkT(or P = NV kT = nkT )thus V = NkT=Pand soK0T = � 1V ��NkTP 2 � = 1V � 1P 2 � PV = 1P = 1nkT (using above equation in bra
kets)hen
e K0T = 1nkT ;as required.3. Mean-square 
u
tuation:h(N � hNi)2i = hN2 � 2NhNi+ hNi2 >= hN2i � 2hNi2 + hNi2= hN2i � hNi2� hN2i �N2:14



Given: Z =Pi;N e��Ei+�N�(kT )2 �2 lnZ��2 !T;V = (kT )2 ��� � 1Z �Z�� �T;V= (kT ) ��� 24 1Z Xi;N e��Ei+��N �N35= kT 24� 1Z2 �Z�� �Xi;N Ne��Ei+��N+ 1ZXi;N �N2e��Ei+��N35= [�hNi2 + hN2i℄= hN2i � hNi2;as required.4. From the previous question:h(N � hNi)2i = (kT )2  �2 lnZ��2 !T; V:Now Z is partition fun
tion for the Grand Canoni
al ensemble, hen
e we have:PV = kT lnZ:Substituting for lnZ; we have:(kT )2 �2 lnZ��2 !T;V = (kT )2  �2��2 �PVkT �!T;V= (kT )2 VkT �2P��2 !T;V = kTV ��� ��P��� T; V:Given: ��P���T;V = NV = n;) kTV ��� n)V = kTV �n���N = kTV � �n�V ���V�� �N= kTV  ��V � NV !��V�� �N = �kTV NV 2 ��V�� �N= �kTNV ��V�� �N = �kTn��V�� �N :Given: (�V=��) = �NKT ) +(kTn)NKT = �KT =K0T �N:Hen
e h(N �N)2iN = KT =K0T :Evaluation of ��n���V : Use 
al
ulus identity:��!�y �x = ��!�y �z + ��!�z �y ��z�y�x :15



) ��n���V = ��n���N + � �n�N �� ��N�� �V :Last term is zero as n = N=V doesn't depend on N:Therefore ��n���V = ��n���N ;hen
e ��n���T;V = �NV 2 � �V�� �N ;as required.5. At T
; P
 �P�V = 0;therefore: KT � 1=�P�V !1:Thus at T
; P
; KT !1; and so h(�N)2i ! 1:Consider relationship between density 
u
tuations and density-density 
orrelation G(r � r0):De�ning N = RV drn(r); we haveh(N �N)2i = hZ drfn(r) � hn(r)igj Z dr0fn(r0)� hn(r0)igi;and from the de�nition of Gh(N �N)2i = Z dr Z dr0G(r� r0)= Z dr Z dr0G(r� r0)= Z dr Z dr00G(r00) from spatial homogeneity= V Z dr00G(r00):Combining with result of previous question:KT =K0T = n�1 Z drG(r):L Solutions to Exer
ises C1. X(n+ 1) = f [X(n)℄:Condition for a �xed point is X(n+ 1) = X(n) = atherefore substituting above for X(n+ 1); and X(n) givesa = f(a);as required.(a) X(n+ 1) = 2X(n)� 316



therefore f [X(n)℄ = 2X(n) � 3Hen
e a = f(a)) a = 2a� 3 and a = 3:(b) X(n+ 1) = rX(n) + bf = rX(n) + bf(a) = ra+ ba = ra+ b for a �xed pointa(1� r) = ba = b1� r :For r = 1; a =1:2. Given: X(n+ 1) = [X(n) + 4℄X(n) + 2f(X(n)) = [X(n) + 4℄X(n) + 2f(a) = (a+ 4)a+ 2Now, a = f(a) for a �xed point, soa = (a+ 4)a+ 2) a = �1;�2:Hen
e X(0) = �1:01 limn!1X(n) = �2;X(0) = �0:99 limn!1X(n) =1;X(0) = �2:4 limn!1X(n) = �2:See Se
tion 1.6.3 for the rest of this solution.3. Logisti
 equation is X(n+ 1) = (1 + r)X(n)� bX2(n);thus: a = (1 + r)a� ba2 and so 0 = a(r � ba):But b = r=L;hen
e 0 = a(r � r aL);and so 0 = a(1� aL)r:As r 6= 0; a = 0 or L:i.e. If population zero, it remains zero. Whereas if it grows, L is the limit.
17



4. Consider spins on a latti
e. For T > T
; there is disorder on s
ales > � where � is �nite.Coarse-graining e�e
tively redu
es � and the system 
ows under RGT to 
omplete disorder,whi
h is the high-temperature �xed point. A

ordingly the high-temperature �xed point isattra
tive.For T < T
; the reverse argument holds and the low-temperature �xed point - whi
h 
orre-sponds to perfe
t order - is also attra
tive.In parameter spa
e there must be a 'watershed', whi
h separates the traje
tories to the low-Tand high-T �xed points. This is the 
riti
al surfa
e and 
ontains the mixed or 
riti
al �xedpoint.For one-dimensional Ising, the situation is skewed, as the T = 0 �xed point is also the 
riti
al�xed point. For T > 0; RGT 
ow is to the �xed point at T !1:5. Partition sum Z = 1 + 2e���1 + 2e���2 + e��3 :Mean energy hEi = �2�1e���1 + 2�2e���2 + �3e���3�Z :Mean-square energy hE2i = �2�21e���1 + 2�22e��2 + �23e���3�Z :6. As the parti
les are on a latti
e they may be treated as distinguishable. Hen
e:Zdis = (Z1)N ;where Z1 is the partition fun
tion for any one spin. NowZ1 = Xj e��j=kT= e��B=kT + e+�B=kT= 2 
osh(�B=kT ):Thus Zdis = [2 
osh(�B=kT )℄N :Helmholtz free energy FF = �kT lnZdis = �NkT ln[2 
osh(�b=kT )℄:Internal energy U = hEi U = hEi = kT 2 ��T lnZdis= �N�B tanh (�B=kT ) :Entropy S = (E � F )=kT= Nkfln[2 
osh�B=kT � �B=kT tanh (�B=kT )℄g:Magneti
 moment MM = N� = NXi �ipi= N h�e�B=kT � �e��B=kT ie�B=kT + e�B=kT = N� tanh�B=kT:Spe
i�
 heat CB CB =  �E�T !B = Nk (�B=kT )2 = 
osh2 (�B=kT ) :18



M Solutions to Exer
ises D1. First part 
overed in Appendix C.De�ne: Gn(r) = hSnSn+ri:r is distan
e between sites, measured in units of latti
e 
onstant a:Gn(r) = Z�1N Xfsg SnSn+rePN�1i=1 KiSiSi+1 ; Ki � JikT :Re-write ZNGn(r) =Xfsg SnSn+rePKiSiSi+1 :Consider nearest neighbour 
ase: r = 1:ZNGn(1) = Xfsg SnSn+1 ePKiSiSi+1 = ��Kn Xfsg ePKiSiSi+1= ��KN ZNand indu
tively ZNGn(r) = ��Kn ��Kn+1 : : : ��Kn+r�1ZN :Hen
e: 2N�N�1i=1 
oshKiGn(1) = 2N�N�2i=1 
oshKi � sinhKn;therefore Gn(1) = tanhKn;Gn(r) = �ri=1 tanhKn+i�1:Uniform intera
tion ) Gn(r) = tanhrK:Consider limit r !1: T > 0; tanhK < 1 and Gn ! 0 as r !1: Hen
e for T = 0; K !1and Gn ! 1:2. Generalize Hamiltonian:H = �N�1Xi=1 JSiSi+1 ! H = �N�1Xi=1 JSiSi+1 �B NXi=1 Si:Generalize transfer fun
tion:f(Si; Si+1) = e��H(Si;Si+1) = e+�JSiSi+1+�B(Si+Si+1)=2:Let �J � K; and �B � b:Transfer matrix T �  T++ T+�T�+ T�� ! =  eK+b e�Ke�K eK�b !where matrix elements are generated from:T�� � f(Si = �1; Si+1 = �1):Eigenvalues: �� = eK 
osh b� �e2K sinh2 b+ e�2K�1=2 :ZN = �N+ + �N�19



and as N !1; only larger eigenvalue �+ is relevant.Free energy per latti
e site: f = � 1� ln�+; and so:f = �K � ��1 ln �
osh b� �e2K sinh2 b+ e�2K�1=2� :m = hsi = �� �f�b= sinh b� sinh b 
osh b �e2K sinh2 b+ e�2K��1=2�
osh b� �e2K sinh2 b+ e�2K�1=2� :As b! 0; m! 0 for all T: Ex
ept T = 0 when one 
an have a �nite permanent magnetization.3. x0 = x(1 + y)2(x+ y)(1 + xy) (1); y0 = y(x+ y)(1 + xy) (2):(x�; y�) = (0; 1) Eqn(1) ! 0 = 0� 11 = 0 eqn(2)! 1 = 1(0 + 1)1 + 0 = 1(x�; y�) = (0; 0) Eqn(1) ! 0 = 0� 11 = 0 eqn(2)! 0 = 0� 01 = 0x� = 1; 0 � y� � 1 Eqn(1) ! 1 = 1(1 + y)2(1 + y)2 = 1 8y eqn(2)) y0 = y:x = 1$ T =1; y = 0; B =1; y = 1; B = 0;therefore ferromagneti
 �xed point is (0; 1):4. Ea
h spin on a square latti
e intera
ts with the 4 nearest neighbours on a square round it.Denote alternate spins on latti
e by ri; remainder by ti :fSig = frig+ ftig:Partition sum 
an be expressed in terms likeXfrig : : : eKri(t1+t2+t3+t4) : : :and if we do the sum over ri = �1Z =Xftig : : : heK(t1+t2+t3+t4) + e�K(t1+t2+t3+t4i : : :where t1 � t4 are the nearest neighbour spins to ea
h ri:i.e. partition fun
tion is the produ
t of many similar terms to that.Now re-label the remaining spins Si: Our renormalization 
ondition is:heK(S1+S2+S3+S4) + e�K(S1+S2+S3+S4)i= fefK12 (S1S2+S2S3+S3S4+S4S1)+K2(S1S3+S2S4)+K3S1S2S3S4g:This must hold for all possible values of S1; S2; S3 and S4e.g. all Si = +1 or all = �1 gives:e4K + e�4K = fe2K1+2K2+K320



and other possible 
ombinations: 2 = fe�2K1+2K2+K3 ;e2K + e�2K = fe�K3 ;2 = fe�2K2+K3 :Note Si are spins on the new latti
e. Hen
e nearest-neighbour terms like S1S2 will appear inone other square bra
ket. This gives a fa
tor of 2 so that total 
ontribution from S1 and S2 iseK1S1S2 :In all, for N spins on original latti
eZ = f(K)N=2 Xstates exp fK1Xhiji SiSjg+K2 Xhhi;jiiSiSj +K3Xijkl SiSjSkSl;where: K1 = 14 ln 
osh(4K); K2 = 18 ln 
osh(4K)K3 = 18 ln 
osh(4K)� 12 ln 
osh(2K):N Solutions to Exer
ises E1. For this you need to draw the graphs as dis
ussed in Se
tion 3.1.5.2. Take x = 0 on the 
entral plane, with n+(0) = n�(0) = n0 (say). Generalise (3.22), (3.28):�rst n(x) = n0e�e�=kT and se
ond (for positive and negative 
harges) we haveen(x) = e(n+ � n�) = en+(0)e�e�=kT � en�(0)ee�=kT= �2en0 sinhfe�=kTg:Take Poisson's equation as d2�dx2 = 4�en(x) = 8�en0 sinhfe�=kTg' 8�e2n�kT as e�� kT:and from (3.31) = 2�l2D ; where lD = "4�e2n0kT #1=2 :The solution of this di�erential equation 
an be written as� = A sinh(p2x=lD) +B 
osh(p2x=lD):With boundary 
onditions � = 0 at x = 0, it is easily seen that we must have B = 0: Also,� = �1=2V at x = �a;so A = V2 1sinh(p2a=lD) ;and � = V2 � sinh(p2x=lD)sinh(p2a=lD) :Substitute ba
k into the expression for the spa
e 
harge:n(x) ' �2e2n0�kT = �e2n0kT V sinh(p2x=lD)sinh(p2a=lD) :21



3. Equilibrium magnetization 
orresponds to minimum free energy. From Se
tion 3.3.2.dFdM = 2A2M + 4A4M3 = 0= 2A20(T � T
)M + 4A4M3;hen
e: M = 0 orM2 � (T � T
)thus M � (T � T
)1=2 � �1=2
 ;and so � = 1=2:To obtain 
 and Æ add a magneti
 term due to external �eld B :F = F0 +A20(T � T
)M2 +A4M4 �BMtherefore dFdM = �B + 2A20(T � T
)M + 4A4M3 = 0:For 
riti
al isotherm, T = T
 and so B �M3; thus: Æ = 3:Now � = �M�B �Tto di�erentiate both sides of equation for equilibrium magnetization w.r.t B :1 = 2A20(T � T
) �M�B �T + 12A4M2 �M�B �Tand � = �2A2T
�
 + 12A4M2��1 ) 
 = 1O Solutions to Exer
ises F1. In Chapter Four we derived the result for the 
losed Ising 
hain as eqn (4.20) whi
h may bewritten in the form: ZN = 2N 
oshN K �1 + tanhN K� :In the 
ase of the open 
hain, the only graph with an even number of verti
es is the zero-order.Hen
e the above result be
omes ZN = 2N 
oshN�1K:Note that in the 
ase of an open 
hain we have P = N � 1 as the number of pairs of latti
esites.2. By de�nition: hSmSni = Z�1N XfSg SmSne��H= Z�1N XfSg SmSn Yhi;ji eKSiSj :The argument pro
eeds as for the partition fun
tion, and using the identity given as eqn (4.4):hSmSni = Z�1N 
oshP KXfSg�hi;jiSmSn(1 + vSiSj)22



m−2 m−1 m n n+1 n+3Figure 1: .where P � N0 of nearest-neighbour pairs.Now introdu
e latti
e graphs in one-to-one 
orresponden
e with the terms in the expansion.As before, require every spin in a produ
t is to be raised to an even power to have a non-zero
ontribution. But as have fa
tor SmSn; for these two sites we require an odd power of thespin.Hen
e we repla
e g(r) in the expansion for the partition fun
tion by fmn(r); where fmn(r) isthe same as g(r) ex
ept at sites m and n:Consider a linear Ising 
hain. P = N � 1:For an open 
hain there are no 
losed graphs and hen
e the only 
ontribution to the partitionfun
tion would be the zero-order graph.therefore ZN = 2N 
oshN�1K:(Compare to the result in Se
tion 4.2 for the 
losed Ising ring.)Be
ause of the fa
tor SnSm; the v0 term doesn't 
ontribute to the 
orrelation. The onlynon-vanishing 
ontribution is from the term shown in the �gure.Note(1) all 
onne
ted verti
es ex
ept m and n are even(2) verti
es m and n are odd.This term has n�m verti
es and is therefore of order jn�mj:hSmSni = Z�1N 
oshP K2N PXr=1 fmn(r)vr= �2N 
oshN�1K��1 �2N 
oshN�1K� vjn�mjtherefore hSmSni = vjn�mj = tanhjn�mjK:3. The Van der Waals equation takes the form�P + aV 2� (V � b) = NkT;where a=V 2 represents the e�e
t of mutual attra
tion between mole
ules and b is the `ex
ludedvolume' due to the �nite size of the mole
ules. The equation is based on a model where �(r)is taken as 
orresponding to a `hard sphere' potential for r � d; but is weakly attra
tive forr > d:From eqns (4.63) and (4.58) we haveB2 = �12I2 = �12 Z dr he��(r)=kT � 1i ;and, on the basis of our assumptions about �(r); we may make the simpli�
atione��(r)=kT ' 0 for r < d;' 1� �=kT; for r > d:23



Then, dividing the range of integration into two parts, we obtainB2 = 12 Z d0 4�r2dr + 12 Z 1d 4�r2�(r)kT dr = B �A=kT;where B = 2�d33 = 4v0;where v0 � volume of a mole
ule, andA = �2� Z 1d r2�(r)dr:Now, from (4.62) and these results, the pressure is given byP = NkTV �1 + NV �B � AkT �� :Let us de�ne the Van der Waals 
onstants as:b = 4Nv0;whi
h is the total ex
luded volume of N mole
ules, anda = N2A;whi
h is the total e�e
t of intera
tions between all possible pairs. Then the equation for thepressure be
omes P = NkTV + NkTV � bV � aV 2 ;or: P + aV 2 ' NkTV � 11� b=V ;where the interpretation in terms of a �rst-order trun
ation of the binomial expansion isjusti�ed for small values of b=V: Then multiplying a
ross, and 
an
elling as appropriate, yields�P + aV 2� (V � b) = NkT;as required.4. From (4.63) and (4.58), B2 = �12 Z d3rf(r) :The hard sphere potential satis�es �(r) =1 r < a;= 0 r > a:Hen
e f(r) satis�es: f(r) = �1 r < a;= 0 r > a:Thus the integral be
omes: B2 = ��12 ��1� 4� Z a0 r2dr= 2� a33 ;24



as required.For B3, start by doing the integral with respe
t to r0, thus:H(r) = Z d3r0f(r0)f(jr� r0j)The integrand is �1��1 = 1 for r0 lying within a sphere of radius a 
entred on the origin andalso within a sphere of radius a 
entred on r0 = r. Thus H(r) is the volume of spa
e o

upiedby the two overlapping spheres, and by symmetry 
onsists of two spheri
al '
aps', on ea
h sideof a plane through r0 = r=2.Let � be a 
oordinate lying between r=2 and a, 
orresponding to one half of the volume ofinterse
tion. Then it is easily seen thatH(r) = 2 Z ar=2 �(a2 � �2)d�= � 4a33 � a2r + r312! :Finally, B3 = 13 4� Z a0 r2H(r)dr = 5�2a618 = 58 B22 ;as required.5. The relationship has been written to make the problem look more diÆ
ult. Start by invertingit: �3N( 1n� 12 )Z(�T; ��3=nV ) = Z(T; V ) :The right hand side is our starting point: from eqns (4.31), (4.32), (4.33) and (4.34) we haveZ(T; V ) = 1hNN ! (2�mkT ) 3N2 Z dNq exp24� AkT Xij 1jqi � qjjn35 ;where we have substituted the given potential. Look at the Boltzmann exponent �rst. Wewant T ! �T , so we make the 
hange of variables:qi = �1=nxi ;and the exponent be
omes:AkT Xij 1(�1=njxi � xjj )n = � Ak�T Xij 1jxi � xj jn :Now look at the other 
onsequen
es of the 
hange of variable:dqi = �3=ndxiV = R dqi = �3=n R dxi = �3=nV 0V 0 = ��3=nV25



Now, ignoring the 
onstant prefa
tor (hNN !)�1, whi
h will 
an
el a
ross, we have:Z(T; V ) = (2�mkT ) 3N2 � 3Nn Z dNx exp24 �Ak�T Xij 1jxi � xjjn35= (2�mk �T ) 3N2 �3N( 1n� 12 ) Z dNx exp24 �Ak�T Xij 1jxi � xjjn35= �3N( 1n� 12Z(�T; ��3=nV ) ;as required.6. ��xe��H = � Z �0 e�(��y)H �H�x e�yHdy:Note that the variable y is ne
essarily O(�); and expand both sides as power series in �:L:H:S: = ��x [1� �H + (�H)2=2! + : : :℄= �� �H�x + �22! H�H�x + �22! �H�x H + : : : :R:H:S: = � Z �0 [1� (� � y)H + 12! (� � y)2H2 + : : :℄� �H�x [1� yH + y22!H2 + : : :℄dy= � Z �0 �H�x dy + Z �0 �(� � y)HdHdx + �H�x yH� dy + : : := � Z �0 �H�x dy + Z �0 �H �H�x dy � Z �0 yHdHdx dy + Z �0 �H�x yHdy + : : := �� �H�x + f�2H�H�x � �22 H�H�x g+ �22 �H�x H + : : := �� �H�x + �22 H�H�x + �22 �H�x H + : : := L:H:S:7. For the 
anoni
al ensemble in the energy representation, we have:CV = �E�T !V ; E = kT 2 ��T lnZwhere Z = Tre��H= Tr "1� �H + �22! H2 + 0(�3)#= "Tr1� �TrH + �22 TrH2 + 0(�3)#= Tr1 "1� �TrHTr1 + �22 TrH2Tr1 + 0(�3)# :26



Then E = kT 2 ��T lnfTr1 "1� �TrHTr1 + �22 TrH2Tr1 + 0(�3)#g= kT 2 ��T flnTr1 + ln"1� �TrHTr1 + �22 TrH2Tr1 + 0(�3)#g= kT 2 ��T ln[1� P + 0(�3)℄where P = �TrHTr1 + �22 TrH2Tr1 :Expand ln �1� P + 0(�3)� to 0(�3); di�erentiate (the �s) w.r.t T and required result follows.8. �P + aV 2� (V � b) = NkTCriti
al point $ in
e
tion of isotherms therefore,�P�V �T=T
 = �2P�V 2!T=T
 = 0gives 
onditions.Re-arrange V dW equation: P = NkTV � b � aV 2 ; (�)�P�V �T = �NkT(V � b)2 + 2aV 3 = 0 for T = T
; V = V
:Thus: 2aV 3
 = NkT
(V
 � b)2 ;2a(V
 � b)2V 3
 = NkT
; (��)�2P�V 2!T = 2NkT(V � b)3 � 6aV 4 = 0 for T = T
; V = V
;and 3aV 4
 = NkT
(V
 � b)3 ;hen
e 3a(V
 � b)3V 4
 = NkT
: (� � �)Equate LHS of (**) and (***): 2a(V
 � b)2V 3
 = 3a(V
 � b)3V 4
) V
 = 3b:Substituting for V
 into (**) ) NkT
 = 8a=27b and both V
 and T
 in (*) ) P
 = a=27b2:Set ~p = P=P
; ~v = V=V
 and ~t = T=T
.Hen
e put P = P
~p; V = V
~v and T = T
~t in equation (*) and substitute for P
; V
 and T
; toget: � a27b2 ~p+ a~v29b2� (3b~v � b) = Nk~t 8a27b 1Nk27



) a27b2 �~p+ 3~v2�� 3b�~v � 13� = 8a~t27b ;and so �~p+ 3~v2� (~v � 1=3) = 8~t3 :9. From the previous question: �~p+ 3~v2� (3~v � 1) = 8~t:Set; p = ~p� 1 = (P � P
)=P
 hen
e ~p = p+ 1v = ~v � 1 = (V � V
)=V
 hen
e ~v = V + 1�
 = ~t� 1 = (T � T
)=T
 hen
e ~t = �
 + 1) �p+ 1 + 3(1 + v)2 � [3(1 + v)� 1℄ = 8(1 + �
):Multiply through by (1 + v)2; multiply out and re-arrange:2p 1 + 7v2 + 4v2 + 3v32 ! = �3v3 + 8�
(1 + 2v + v2)or p = �32v3 + �
(4� 6v + 9v2 + : : :) + : : : ;hen
e 
 ��V K�1T � = +��V�P �T = P
V
 ��p�v�T = P
V
 (�6�
)and so KT � ��1
 therefore 
 = 1:Æ: Criti
al isotherm T = T
; �
 = 0 therefore p � v3 hen
e Æ = 3:Note These are mean-�eld values and Van der Waals is nowadays re-interpreted as a mean-�eldtheory.P Solutions to Exer
ises G1. Given �T (CB � CM ) = T ��M�T �2Btherefore CB = T ��M�T �2B�T +CMNow CM must be positive i.e. CM � 0therefore CB � T ��M�T �2B�T (�):De�nitions of 
riti
al exponents: CB � j�
j��; �T � j�
j�
 ;M � (��
)� ) �M�T �B � (��
)��1 :28



Now (��
)2 = j�
j2Thus inequality (�) be
omes j�
j�� � j�
j2(��1)+
 :Hen
e �� � 2(� � 1) + 
;thus �+ 2� � 2 + 
 � 0;and so �+ 2� + 
 � 2:2. The Widom s
aling relation is: G(�
�
; �pB) = �G(�
; B):Di�erentiate l times on both sides and re-arrange:Gl(�
; B) = �lp�1G(l)(1)
(�
; �pB:Hen
e it follows that: G(l)(�
B)G(l�1)(�
; B) = �lp�1G(l) (�
�
; �pB)�(l�1)p�1G(l�1) (�
�
; �pB)= �pG(l) (�
�
; �pB)G(l�1) (�
�
; �pB) :Now L:H:S: =� ���l
 (from de�nition).Also 
hoose � = ��1=r
 ; thus: ���l
 = ���1=r
 �p Gl (1; �pB)G(l�1) (1; �pB)= ��p=r
therefore �l = p=r; independent of l:3. The mean magnetization M = hSi0 and from mean �eld theory:hSi0 = tanh(�B + 2zJ�hSi0):Hen
e immediately we 
an write:M = tanh(�zJM + b) where b � �B:Now mean �eld theory gives z�
J = 1 or zJ = 1=�
:Hen
e M = tanh ��M�
 + b� = tanh �MT
T + b� = tanh [M=(1 + �
) + b℄ :Set B = 0 and expand for T � T
, in whi
h 
ase �
 is small:M = M1 + �
 � 13 M3(1 + �
)3 ;thus M �1� 11 + �
� = �13 M3(1 + �
)3 ;29



hen
e M = 0or M2 = �3�
 (1 + �
)3(1 + �
) = �3�
(1 + �
)2:Taking the nontrivial 
ase, M � j � 3�
j1=2;and by 
omparison with the equation whi
h de�nes the 
riti
al exponent:� = 1=2:4. For B = 0; we have H = �JPhi;ji SiSj where Phi;ji is sum over nearest neighbours. Themean energy of the system is given byE = hHi = �J Xhi;jihSiSji:In lowest-order mean �eld approximation, spins are independent andhSiSji = hSiihSji:Hen
e E = �J Xhi;jihSiihSji = �JzN2 m2where M = hSi � order parameter. From the thermodynami
 de�nition of the heat 
apa
ity,we have CB = �E�T !B = �2JzN2 MdMdT = �JzNM dMdT :ForT > T
 : M = 0 therefore CB = 0;T � T
 : M = (�3�
)1=2 :Hen
e �M�T = 12 (�3�
)�1=2 ��d�
dT = �32 M�1 d�
dt = �32 M�1T�1
 ;and so �E�T !B = 32JzNMM�1T�1
 = 32 JzN
= 32Nk as Jz = kT
:Hen
e CB is dis
ontinuous at T = T
 and � = 0:5. From the de�nition of the sus
eptibility, we have�T = �M�B = � �M�b ;and also M = tanh� M1 + �
 + b� ' M1 + �
 + b for T > T
:Now M � M1 + �
 = b;30



to this order of approximation and, re-arranging, we have:M = �1 + �
�
 � b:Hen
e �T � �M�b � 1�
 as �
 ! 0and so �T � ��1
 ; 
 = �1:Consider the e�e
t of an externally imposed �eld at T = T
; where �
 = 0; and so 1 + �
 = 1:Use the identity:M = tanh(M + b) = (tanhM + tanh b)(1 + tanhM tanh b)'  M � M33 + b� b33 ! (1 + tanhM tanh b)Can
el the fa
tor of M on both sides and rearrange, to obtain:b � M33 + b33 �  M � M33 + b� b33 ! Mb� Mb33 � Mb33 + : : :!therefore b �M3=b for small b;M : hen
e Æ = 3:If we set b �M3 on the right hand side, we 
an verify all terms of order higher than O �M3�are negle
ted.6. From eqn (7.72), the maximum free energy is:F = F0 � 12NzJhSi20 +B0NhSi0where B0 = BE �B; F0 = �N� ln [2 
osh (�BE)℄ ; hSi0 = tanh (�BE) :Substituting as appropriate:F = �N� ln [2 
osh (�BE)℄� 12NzJ tanh2 (�BE) +N (BE �B) tanh (�BE) :The variational pro
edure gives:(BE �B) = zJhSi0 = zJ tanh (�BE) :Rewrite this as tanh (�BE) = BE �BzJand substitute into the expression for F :F = �N� ln [2 
osh (�BE)℄� 12NzJ (BE �B)24z2J2 +N (BE �B) (BE �B)zJ= �N� ln [2 
osh (�BE)℄ + N2zJ (BE �B)2 ;as required.
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7. Here we repeat the previous 
al
ulation with the generalization that the external magneti
�eld is no longer a 
onstant but varies from one latti
e site to the next and is denoted by Bi,for the ith latti
e site.It follows that the e�e
tive �eld BE ! B(i)E and the mole
ular �eld B0 ! B0i also. Some ofthe key relationships also generalize straightforwardly, thus:F0 = ���1Xi ln h2 
osh ��B(i)E �i ; (1)and hSii0 = tanh ��B(i)E � : (2)Then, from (1) and (2), we may easily obtain:�F0�B(i)E =Xi hSii0: (3)Next we take eqn (7.68) with the equality and generalize to the nonuniform 
ase, thus:F = F0 �Xi;j JijhSiSji0 +Xi B0ihSii0; (4)and, with an obvious generalization to the inhomogeneous 
ase,F = F0 �Xi;j JijhSiSji0 +Xi �B(i)E �Bi� hSii0: (5)As before, on the unperturbed model, we treat the spins as independent. Reminding ourselvesof the properties of the double sum, we may write:Xi;j JijhSiSji = J2 Xi Xhji hSii0hSji0; (6)where hji denotes `sum over the nearest neighbours of ea
h i'.Now we 
arry out the variation, di�erentiating F as given by (5) and (6), with respe
t to B(i)E ,thus: �F�B(i)E = �F0�B(i)E � J2 Xi Xhji �hSii0�B(i)E hSji0 + J2 Xi Xhji hSii0�hSji0�B(i)E+ �B(i)E �Bi� �hSii0�B(i)E +Xi hSii0: (7)Two points should now be noted:(a) From (3), we see that the �rst term on the right hand side 
an
els the last term, just asin the homogeneous 
ase.(b) The se
ond term involving the double sum vanishes be
ause �hSji0=�B(i)E = 0 for j 6= i,and j is never equal to i.Then, setting �F=�B(i)E = 0, and equating 
oeÆ
ients of �hSii0=�B(i)E , we obtain the 
onditionfor an extremum as: B(i)E �Bi = JXhji hSji0: (8)We may further write this 
ondition in the useful form:B(i)E �Bi = JXhji tanh ��B(j)E � ; (9)32



where we have substituted for hSii0 from (2).We may 
on
lude by writing down the optimal form of the free energy. From (5) and (6),along with (1) and (2), this is:F = � 1� Xi ln h2 
osh ��B(i)E �i� J2 Xi Xhji tanh��B(i)E � tanh��B(j)E �+ Xi �B(i)E �Bi� tanh ��B(i)E � : (10)Then substituting from (9) into the middle term we haveF = � 1� Xi ln h2 
osh ��B(i)E �i+ 12Xi �B(i)E �Bi� tanh��B(i)E � : (11)Note that this result is not a simple generalization of the result of the previous problem.8. Mean-�eld approximation: H = �(B + zJ�) NXi=1 Siwhere � = hSii :The partition fun
tion fa
torizes into a produ
t of N single-spin partition fun
tions, ea
h givenby: Z1 = tXS=�t exS = sinh[(t+ 12 )x℄sinh[x=2℄ ;where x = �(B + zJ�) :Obtain a 
losed equation for � by working out� = hSi = 1Z1 tXS=�tSexS = d lnZ1dx :At B = 0, � = (t+ 12) 
oth ��t+ 12��zJ��� 12 
oth�12�zJ�� :By 
onsidering the form of the solution, 
on
lude that there are non-zero solutions for � wherethe slope of this fun
tion at � = 0 is greater than unity:t(t+ 1)3 �zJ > 1or T < T
 � t(t+ 1)3 zJk :33



For the Ising model, take t = 12 . Denoting Ising values by an overbar, de�ne Si = 2Si; su
hthat Si = �1 and � = hSii = 2� ;along with J = J=4, to give the 
orre
t intera
tion Hamiltonian. With these 
hanges we �nd� = tanh(�zJ �) ;and T 
 = zJ=k :9. Take: B = h ẑ; h > 0hSji = � ẑ :H = �qJ�Xi Si: ẑ� hXi Si: ẑ :Here q is the 
oordination number of the latti
e; normally we use z but that would 
ause
onfusion with the 
oordinate of the same name.The s
alar produ
t proje
ts out the 
omponent of Si in the ẑ dire
tion and we denote this bySzi . H = �(h+ qJ�)Xi Szi :ZN = ZN1 ;where: Z1 = 2� Z �0 sin � d�e�(h+qJ�) 
os �Make the 
hange of variables:
os � = �; sin � d� = �d�;Z1 = �2� Z �11 d� e�(h+q�J)�= 2� Z 1�1 d� e�(h+q�J)�= 2��(h+ q�J) he�(h+q�J) � e��(h+q�J)i= 4��(h+ q�J) sinh[�(h+ q�J)℄ :Mean value of spin: 34



� = � lnZ1�(� h) = 
oth[�(h + q�J)℄� [�(h+ q�J)℄�1For spontaneous magnetization, take h = 0, and 
onsider� = 
oth(a�)� 1a� ;for a = �qJ .Plotting the two sides of the equation, we see that it has non-zero solutions when:dd� �
oth(a�)� 1a���=0 = a3 > 1 :Or when T < T
 = qJ=3k :10. The solution to this problem is essentially Se
tion 7.8.Q Solutions to Exer
ises H1. x0 = x(1 + y)2(x+ y)(1 + xy) (1); y0 = y(x+ y)(1 + xy) (2):(x�; y�) = (0; 1) Eqn(1) ! 0 = 0� 11 = 0 eqn(2)! 1 = 1(0 + 1)1 + 0 = 1(x�; y�) = (0; 0) Eqn(1) ! 0 = 0� 11 = 0 eqn(2)! 0 = 0� 01 = 0x� = 1; 0 � y� � 1 Eqn(1) ! 1 = 1(1 + y)2(1 + y)2 = 1 8y eqn(2)) y0 = y:x = 1$ T =1; y = 0; B =1; y = 1; B = 0;therefore ferromagneti
 �xed point is (0; 1):Linearise (1) and (2) about x0 = x = 0; y0 = y = 1:(1) x0 = x(1 + 1)2(0 + 1)(1 + 0) �����y=1x!0 = 4x��� (a)(2) y0 = y(0 + y)1 + 0 ����x=0y!1 = y2Set y0 � 1 = Æy0 thus y0 = Æy0 + 1y � 1 = Æy thus y = Æy + 1:and so (2)! Æy0 + 1 = (Æy + 1)2 = 2yÆy + 1 + Æ(Æy2):and Æy0 = 2yÆy=y = 1 = 2Æy ��� (b):35



From (a) and (b)  x0Æy0! =  4 00 2! xÆy! : Eigenvalues �1 = 4; �2 = 2:From �i = byi; b = 2; we have: y1 = 2; y2 = 1:2. Z =Xfsg �i=:::2;4;6;:::efKSi(Si�1+Si+1)+�B2 Si�1+�BSi+�B2 Si+1+2Cg:Do the partial tra
e by summing over S2 = �1; S4 = �1 : : : :Z 0 = X:::S1;S3;S5:::�i=:::2;4;6::: hefK(Si�1+Si+1)+�B+�B2 (Si�1+Si+1)+2Cg+ ef�K(Si�1+Si+1)��B+�B2 (Si�1+Si+1)+2CgiRe-label spins so that they are again numbered 
onse
utively:Z 0 = XfSg�i hef(K+�B2 )(Si+SS+1)+�B+2Cg+ ef�(K��B2 )(Si+Si+1)��B+2Cgi��� (A):Require that new partition fun
tion should be same as old but with new 
oupling 
onstants:Z 0 =XfSg�iefK0SiSi+1+�B0Si+C0g ��� (B):Obviously, equations (A) and (B) are 
onsistent if:efK0SiSi+1+�B0Si+C0g = ef(K+�B2 )(Si+Si+1)+�B+2Cg+ ef�(K��B2 )(Si+Si+1)��B+2Cg:Equating exponents for Si; Si+1 = �1 yields 3 equations:Si; Si+1 = 1 : eK0+�B0+C0 = e2K+2�B+2C + e�2K+2C :Si; Si+1 = �1 : eK0��B0+C0 = e2K�2�B+2C + e�2K+2C :Si = �Si+1 = �1 : e�K0+C0 = e�B+2C + e��B+2C :These 
an be solved to yield:e2�B0 = e2�B 
osh(2K + �B)= 
osh(2K � �B):e4K0 = 
osh(2K + �B) 
osh(2K � �B)= 
osh2 �B:e4C0 = e8C 
osh(2K + �B) 
osh(2K � �B) 
osh2 �B:3. Given K 0 = 2K2 + L; L0 = K2;at the �xed points we have K� = 2K�2 + L�; L� = K�2: (12)
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It is easily veri�ed that the �xed points are (K�; L�) = (0; 0); (1;1) and (1=3; 1=9): The �rsttwo are the high-temperature and low-temperature points and are trivial. The non-trivial�xed point is (K�; L�) = (1=3; 1=9) and we linearise about this. Set:K 0 = K� + ÆK 0; L0 = L� + ÆL0K = K� + ÆK; L = L� + ÆL: (13)Eqns (12) be
ome: ÆK 0 = 4K�ÆK + ÆL+ (2K�2 �K� + L�)ÆL0 = 2K�ÆK + (K�2 � L�2):Hen
e:  ÆK 0ÆL0! =  4K� 12K� 0! ÆKÆL! =  4=3 12=3 0! ÆKÆL!:) eigenvalues � = 13(2�p10)therefore �1 = 1:722; �2 = �0:390:For the 
riti
al exponent � we have� = 1=y; where �1 = by1 ; b = p2:Hen
e � = ln bln�1 = ln(p2)ln(1:722) = 0:652:4. Consider a latti
e with probability p that any two sites are 
onne
ted by a bond.Two or more sites 
onne
ted = 
luster, and the 
riti
al probability p
 is the probability of a
luster spanning the latti
e.For p < p
, probability of any two sites distan
e r apart being 
onne
ted is P (r) su
h thatP (r)! 0 as r !1 for p < p
:Introdu
e 
orrelation length by writing asymptoti
 form: P (r) � l�r=� as r!1, where�(p) = 
orrelation length. Draw analogy between p in this model and temperature in Isingmodel. As p! p
, 
orrelation length!1, de�ne 
riti
al exponent� � (p� p
)� as p! p
:Constru
t a new latti
e by pla
ing sites at 
entre of ea
h unit 
ell of (original) p-latti
e.Put bonds 
onne
ting any two sites not 
onne
ted on p-latti
e. New latti
e is identi
al to oldlatti
e but has bonds with probability q = 1� p:Call the new latti
e the q-latti
e.If p > p
, then at least one 
ontinuous path a
ross the p-latti
e but 
onstru
tion rules forbidthis on the q-latti
e.If p > p
 then q < qi and 
onversely if p < p
 then q > q
. Therefore if the p-latti
e is 
riti
also also is the q-latti
e. Therefore q
 = 1� p
 and as the latti
es are identi
al, q
 = p
. Hen
ep
 = 1=2.(a) Coarse-graining transformation. Remove alternate sites from the latti
e and draw a newbond if there were at least two bonds 
onne
ting those parti
ular sites on the old latti
e.37



(b) Re-s
aling. Redu
e all lengths by b = p2. New latti
e is rotated �=4 to old one: newbonds lie along old diagonals.Three 
on�gurations 
an 
ontribute� p(a) = p4� p(b) = p3(1� p)� p(
) = p2(1� p)2and so p0 = p4 + 4p3(1� p) + 2p2(1� p)2 = 2p2 � p4:At �xed point, p0 = p,RGE ! p4 � 2p2 + p = 0orp(p� 1)(p2 + p� 1) = 0) p� = 0; 1�1�p52 .We reje
t �1p52 , as p > 0.p� = 0) no bonds p� = 1) all sites bonded.Therefore trivial and analogous to high and low-temperature 
ases in thermal systems. Con-
lude 
riti
al �xed point is p
 = p� = (p5� 1)=2 ' 0:62.At �xed point, RGE be
omes p� = 2p�2 � p�4:Set p0 = p� + Æp0, p = p� + Æp, thenÆp0 + p� = 2(p� = Æp)2 � (p� + Æp)4 = 2p�2(1 + Æpp� )2 � p�4(1 + Æpp� )4and to �rst order in Æp Æp0 = 4p�(1� p�2)Æp) Æp0 = Ab(p�)Æp:As this is a single-parameter spa
e, there is only one eigenvalue, as Ab is a s
alar,�1 = 4p�(1� p�2)and as p� = 0:62, �1 = 1:53.As b = p5, we have the 
riti
al index y1 asy1 = ln�1ln b = ln1:53lnp2and re
alling that � = 1=y1, � = lnp2ln 1:53 = 0:82:R Solutions to Exer
ises I1. Imposing the 
onditions for the �xed point on the given equations:0 = 2�� + �2��16�2 +O(�2)0 = ��� � 3��216�238



Solving the se
ond equation, �� = 0 or �� = 16�23 � :Substituting the se
ond of these into the �rst equation�� = ��26 �+ 0(�2) ;Hen
e (��; ��) is given by  ��26 �; 16�23 �! ;as required.To linearise, let � = �� + Æ�� = �� + Æ�and with a few lines of routine algebrad Æ�d ln b = �2� �3� Æ�+ �216�2 �1 + �6� Æ�d Æ�d ln b = �� Æ � :Writing this in the form 0BB� dÆ�d ln ÆdÆ�d ln b 1CCA = Ab Æ�Æ�!Ab = 0� 2� �=3 �216�2 �1 + �6�0 �� 1AFrom whi
h we 
on
lude: y1 = 2� �3 > 0; y2 = �� < 0Hen
e this is a mixed �xed point and determines 
riti
al behaviour for � > 0 and d < 4.Criti
al exponent � is obtained from � = 1y1therefore � = 12� �=3 = 12 �1 + �6 +O(�2)�= 12 + �12 +O(�2);as required. 39



2. Given: p0 = b2p+ 
(b2 � b�)q + 0(pq) ;q0 = b�q ;� = 4� d :Fixed point (p�; q�) � (0; 0).Linearising about the �xed point, RGT transformation matrix is:Ab =  b2 
(b2 � b�)0 b2 !with eigenvalues and eigenve
tors:�1 = b2 e(1) = �10��2 = b� e(2) = ��
0 � :From �i = byi ; y1 = 2; y2 = � :For a mixed (
riti
al) �xed point in this 
ase must have y2 = � < 0: hen
e d > 4. Hen
e given�xed point is a 
riti
al point for latti
e dimension greater than d = 4. Given informationimplies this model is in same universality 
lass as the mean �eld theory of Ising. Hen
eindi
ates possible validity of the mean �eld theory above d = 4.
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