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THE LINEAR CAUCHY PROBLEM
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LINEAR CAUCHY PROBLEM WITH
CONSTANT COEFFICIENTS

The general Cauchy problem

Let d > 1 be the space dimension and = (z1, ..., z4) denote the space variable,
t being the time variable. The Cauchy problem that we consider in this section
is posed in the whole space R?, while ¢ ranges on an interval, typically (0,7),
where T' < 4o0.

A constant-coefficient first-order system is determined by d 4+ 1 matrices
Al ... A? B given in M, (R), where n > 1 is the size of the system. Then the
Cauchy problem consists in finding solutions u(zx,t) of

d

ou o Ou
a+az::1A o — DUt (1.0.1)

where f = f(x,t) and the initial datum wu(-,t =0) = a are given in suitable
functional spaces. To shorten the notation, we shall rewrite equivalently

Opu+ Y A®Oqu = Bu+ f.

When f = 0, the Cauchy problem is said to be homogeneous. A well-posedness
property holds for the homogeneous problem when, given a in a functional
space X, there exists one and only one solution u in €(0,7;Y), for some other
functional space Y, the map

X —%(0,T;Y)
a—u

being continuous. ‘Solution’ is understood here in the distributional sense. Exis-
tence and continuity imply X C Y, since the map a — u(0) must be continuous.
We use the general notation

X%y
a — u(t).

Since a homogeneous system is, at a formal level, an autonomous differen-
tial equation with respect to time, we should like to have the semigroup
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property
St+S:StOS.97 SatZO,

this of course requires that Y = X. We then say that the homogeneous Cauchy
problem defines a continuous semigroup if for every initial data a € X, there
exists a unique distributional solution of class % (R*; X). Note that the word
‘continuous’ relies on the continuity with respect to time of the solution, but not
on the continuity of ¢t — Sy in the operator norm. Semigroup theory actually tells
us that, if X is a Banach space, the continuity in the operator norm corresponds
to ordinary differential equations, a context that does not apply in PDEs.

When the homogeneous Cauchy problem defines a continuous semigroup on a
functional space X, we expect to solve the non-homogeneous one using Duhamel’s
formula:

u(t) = Sia +/(J Si—sf(s)ds, (1.0.2)

provided that at least f € L1(0,7T; X). For this reason, we focus on the homoge-
neous Cauchy problem and content ourselves in constructing the semigroup.
Before entering into the theory, let us remark that, since (1.0.1) writes
ou

E:Pu—’—fa

where P is a differential operator of order less than or equal to one, the
order with respect to time of this evolution equation, the Cauchy—Kowalevska
theory applies. For instance, if f = 0, analytic initial data yield unique analytic
solutions. However, these solutions exist only on a short time interval (0,7*(a)).
Since analytic data are unlikely in real life, and since local solutions are of little
interest, we shall not concern ourselves with this result.

1.1 Very weak well-posedness

We first look at the necessary conditions for a very weak notion of well-posedness,
where X =.7(R%) (the Schwartz class) and Y = .7/(R?), the set of tempered
distributions. Surprisingly, this analysis will provide us with a rather strong
necessary condition, sometimes called weak hyperbolicity'.

Let us assume that the homogeneous Cauchy problem is well-posed in this
context. Let a be a datum and w be the solution. From the equation

@JFZA“a—“ = Bu, (1.1.3)

ISome authors call it simply hyperbolicity, and use the term strong hyperbolicity for the notion
that we shall call hyperbolicity. Thus, depending on the authors, there is either the weak and normal
hyperbolicities, or the normal and strong ones.
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we obtain u € €*°(0,7;Y). This allows us to Fourier transform (1.1.3) in the
spatial directions. We obtain that (1.1.3) is equivalent to

Using the notation

d
A(n) = Z%Aa»
a=1

we rewrite this equation as an ODE in ¢, parametrized by 7

% = (B —iA(n))i. (1.1.4)
Since 4(-,0) = @, the solution of (1.1.4) is explicitly given by
a(n,t) = B AMG(p), (1.1.5)

By well-posedness (1.1.5) defines a tempered distribution for every choice of @ in
the Schwartz class, continuously in time. In other words, the bilinear map

(¢,9) — /R ) e A () d, (1.1.6)

which is well-defined for compactly supported smooth vector fields ¢ and v, is
continuous in the Schwartz topology, uniformly for ¢ in compact intervals.

Let A be a simple eigenvalue of A(¢) for some & € R?. Then, there is a 4> map
(t,0) — (p, 1), defined on a neighbourhood W of (0, &), such that u(0,£) = —iA
and

(t*B —iA(0))r(t,0) = p(t,o)r(t,o), ||r| = 1.

Let us choose a non-zero compactly supported smooth function # : R — C with
6(0) # 0. Then, for small enough ¢ > 0, the condition 1 —t~2¢ € Supp 6 implies
(t,t?n) € W. For such a t, we may define two compactly supported smooth vector
fields by

@' (n) = 0(n — t2)r(t,t%n),  Y'(n) = 0(n—t2E)L(t, ),

where ¢ is an eigenfield of the adjoint matrix (t?B —iA(0))*, defined and
normalized as above. We then apply (1.1.6) to (¢',%"). The sequence (¢'):—o
is bounded in the Schwartz topology, and similarly is (¢)*);_o. Therefore

/ () e Bt dp = / MM 1) (1, ) 6() — £/8°) P
Rd Rd

is bounded as t — 0. Since it behaves like cexp(—iA/t) for a non-zero constant c,
we conclude that Im A < 0. Applying also this conclusion to the simple eigenvalue
A, we find that A is real.
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The case of an eigenvalue of constant multiplicity in some open set of
frequencies 7 can be treated along the same ideas; it must be real too. Finally, the
points n at which the multiplicities are not locally constant form an algebraic
submanifold, thus a set of void interior. By continuity, the reality must hold
everywhere. We have thus proved

Proposition 1.1 The (&,.’) well-posedness requires that the spectrum of
A(€) be real for all € in RY.

When (&, ") well-posedness does not hold, a Hadamard instability occurs:
for most (in the Baire sense) data a in ., and for all T' > 0, the Cauchy problem
does not admit any solution of class € (0,T;.%"). This is a consequence of the
Principle of Uniform Boundedness.

Example The Cauchy—Riemann equations provide the simplest system for
which this instability holds. One has d =1, n = 2:

Oyur + Oug =0,  Opug — Ozuq = 0.

This example shows that a boundary value problem for a system of partial dif-
ferential equations may be well-posed though the corresponding Cauchy problem
is ill-posed.

The converse of Proposition 1.1 does not hold in general, mainly because
of the interaction between non-semisimple eigenvalues of A(£) with the mixing
induced by B. Let us take again a simple example with d =1, n = 2, and

a_ (01 (0 0
A=A _(0 0), B_<1 O).

exp(—i€A) = I — it A

Since the matrix

has polynomial growth, the Cauchy problem for the operator d; + >  A%0, is
well-posed in the (,.%') sense, and even in the (7,.7) sense. Actually, its
solution is explicitly given by

ur(t) = aq —tay, us(t) = as.

(We see that there is an immediate loss of regularity.) However, with our non-zero
B, the matrix M := t(B — i€ A) satisfies M? = —it?£,, which implies that

sinw

M

exp(t(B — i£A)) = cosw I +

)

where w = t(i€)'/2. Since

1/2

Imw—:i:t’g
2

)
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we see that offdiagonal coefficients of exp M grow like exp(c|¢|'/?) as & tends
to infinity, provided t # 0. Then a calculation similar to the one in the proof
of Proposition 1.1 shows that this Cauchy problem is ill-posed in the (&, ")
sense.

1.2 Strong well-posedness

The previous example suggests that the notion of well-posedness in the (rather
weak) (.7, .7”) sense might not be stable under small disturbance (the instability
result would be the same with eB instead of B). For this reason, we shall merely
consider the well-posedness when ¥ = X and X is a Banach space. We then
speak about strong well-posedness in X (or X-well-posedness). When this holds,
the map S : a — u(t) defines a continuous semigroup on X. It can be shown
that if X is a Banach space, there exist two constants ¢, w, such that

1]l 2x) < e, (1.2.7)

Proposition 1.2 Let X be a Banach space. Then well-posedness (withY = X))
for some B € M,,(R) implies the same property for all B.

This amounts to saying that well-posedness is a property of (A!,..., A?) alone.

Proof Assume strong well-posedness for a given matrix By. The problem
d
= + Y A*—— = B (1.2.8)
a=1

defines a continuous semigroup (S¢)¢>0. One has (1.2.7) with suitable constants
¢ and w. From Duhamel’s formula, (1.1.3) with a matrix B = By + C' instead of
By, is equivalent to

u(t) = Sta + /Ot Si—sCu(s)ds. (1.2.9)

Then we can solve (1.2.9) by a Picard iteration. Let us denote by Ru the right-
hand side of (1.2.9), and I = (0,T) (with T > 0) a time interval where we look
for a solution. Because of (1.2.7), there exists a large enough N so that RV is
contractant on € (I; X). Therefore, there exists a unique solution of (1.1.3) in
% (I; X). Since T is arbitrary, the solution is global in time. O

1.2.1  Hyperbolicity
We first consider spaces X where the Fourier transform defines an isomorphism
onto some other Banach space Z. Typically, X will be a Sobolev space H*®(R%)"
and Z is a weighted L2-space:

Z= LR, L2RY):={ve L3 [®Y); (1+[6P) v € LR},

loc
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Because of this example, we shall assume that multiplication by a measurable
function ¢ defines a continuous operator from Z to itself if and only if g is
bounded.
Looking for a solution u € € (I; X) of (1.1.3) is simply looking for a solution

veC(I;Z) of

v ) .

2= (B-iAm), v(n,0) = aln). (1.2.10)
Thanks to Proposition 1.2, we may restrict ourselves to the case where B = 0,,.
Then v must obey the formula

v(n, t) = e A Wa(y),

where @ is given in Z. In order that v(t) belong to Z for all a, it is necessary
and sufficient that n — exp(—itA(n)) be bounded. Since tA(n) = A(tn), this is
equivalent to writing

sup || exp(zA(&))| < +oo. (1.2.11)
£ER

Let us emphasize that this property does not depend on the time ¢, once
t#0.
Definition 1.1 A first-order operator
L=0+) A%,
(o9

is called hyperbolic if the corresponding symbol & — A(§) satisfies (1.2.11).
More generally, a system (1.0.1) (whatever B is) that satisfies (1.2.11) is
called a hyperbolic? system of first-order PDEs.

After having proven that hyperbolicity is a necessary condition, we show that
it is sufficient for the H?®-well-posedness. It remains to prove the continuity of
t — v(t) with values in Z, when @ is given in Z. For that, we write

Jor) = 0@l = [ |(e7 40 e 400 )

R4
Thanks to (1.2.11), the integrand is bounded by c|a(n)|?(1 + |n|?)?, an integrable
function, independent of 7. Likewise, it tends pointwisely to zero, as 7 — t.
Lebesgue’s Theorem then implies that

lim [lo(r) — o()]12 = 0.

2
| ) an,

Let us summarize the results that we obtained:

2Some authors write strongly hyperbolic in this definition and keep the terminology hyperbolic
for those systems that are well-posed in >, that is whose a priori estimates may display a loss of
derivatives.
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Theorem 1.1

o Let s be a real number. The Cauchy problem for
Opu+ Y  A*9qu =0 (1.2.12)

1s H®-well-posed if and only if this system is hyperbolic.

e [f the operator L (defined as above) is hyperbolic, then the Cauchy problem
for (1.1.8) is H®-well-posed for every real number s.

o In particular, the Cauchy problem is well-posed in H® if and only if it is
well-posed in L?.

Let us point out that hyperbolicity does not involve the matrix B.

Since the well-posedness in a Hilbertian Sobolev space holds or does not,
independently of the regularity level s, we feel free to rename this property
strong well-posedness.

Backward Cauchy problem We considered up to now the forward Cauchy
problem, namely the determination of wu(¢) for times ¢ larger than the initial
time. Its well-posedness within L? was shown to be equivalent to hyperbolicity.
Reversing the time arrow amounts to making the change 0; — —0;. This has the
same effect as changing the matrices A® into —A®. The L?-well-posedness of the
Cauchy problem is thus equivalent to the hyperbolicity of the new system

Osu — Z A%0yu = —Bu.

This writes as

sup || exp(—iA(§))| < 400,

EERC
which is the same as (1.2.11), via the change of dummy variable & — —&.
Finally, the strong well-posedness of backward and forward Cauchy problems
are equivalent to each other. For a hyperbolic system and a data a € H*(R%)",
there exists a unique solution of (1.1.3) u € €(R; H*(R?)") such that u(0) = a.
Let us emphasize that here, ¢ ranges on the whole line, not only on RT.

1.2.2  Distributional solutions

When (1.1.3) is hyperbolic, one can also solve the Cauchy problem for data in the
set . of tempered distribution. For that, we again use the Fourier transform
since it is an automorphism of /. We again define @ by the formula (1.1.5).
We only have to show that this definition makes sense in .’ for every ¢, and
that u is continuous from R; to .. For that, we have to show that X (t) :=
exp(t(B —iA(n))) is a € function of 7, with slow growth at infinity, locally
uniformly in time. We shall show that its derivatives are actually bounded with
respect to 1. The regularity is trivial, and we already know that X (¢) is bounded
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in 7, locally in time. Denoting by X, the derivative with respect to n,, we
have

déia = (B —iA(n)) X, —1A%X,
and therefore
1
A Xo) _ _jx-140x.
dt

Using Duhamel’s formula, as in the proof of Proposition 1.2, we see that
[ X@) < e+ 1B []),

from which we deduce
(LBl ) =1

X~ Xall < e[l A%
3|18
Finally, we obtain
A+ Bl ED* 5
[ Xall < e[| A%].
3Bl

We leave the reader to estimate the higher derivatives and complete the proof of
the following statement. The case of data in the Schwartz class is done in exactly
the same way, since the Fourier transform is an automorphism of . and that .7
is stable under multplication by €*° functions with slow growth.

Proposition 1.3 If L is hyperbolic, then the Cauchy problem for (1.1.3) is
well-posed in both . and &'.

1.2.3 The Kreiss’ matrixz Theorem

Of course, since L2-well-posedness implies (., .’)-well-posedness, hyperbolicity
implies that the spectrum of A(¢) is real for all £ in RZ. It implies even more,
that all A(¢) are diagonalizable. Though these two facts have a rather simple
proof here, they do not characterize completely hyperbolic systems. We shall
therefore describe the characterization obtained by Kreiss [102,104]. This is an
application of a deeper result that deals with strong well-posedness of general
constant-coefficient evolution problems. However, since we focus only on first-
order systems, we content ourselves with a statement with a simpler proof, due
to Strang [199].

Theorem 1.2 Let & +— A(€) be a linear map from R? to M,,(C). Then the
following properties are equivalent to each other:

i) Bvery A(€) is diagonalizable with pure imaginary eigenvalues, uniformly
with respect to &:

A(€) = P(§) " diag(ipy, ... ,ipn) P(€), (p1(€), ..., pn() €R),
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with
1P -IIPE <C', VEeR™ (1.2.13)

ii) There exists a constant C' > 0, such that

e“‘(f)H <C, VEeRY Vt>0. (1.2.14)
iit) There exists a constant C' > 0, such that
~1 ¢ d
(21, — A) 7| < Ry VEERY VRez>0. (1.2.15)
z

Note that, replacing (z, ) by (—z, —€), we also obtain (1.2.15) with Re z # 0.
Applying Theorem 1.2, we readily obtain the following.

Theorem 1.3 The Cauchy problem for a first-order system
Osu + ZAo‘aau =0, zeR?
e

is H®-well-posed if and only if the following two properties hold.

e The matrices A(§) are diagonalizable with real eigenvalues,

A(e) = P(&) diag(p1(€),- -, pu()PE),  (p1,---,pn €R).

e Their diagonalization is well-conditioned (one may also say that the matri-
ces A(€) are uniformly diagonalizable) : supgcgas [|P(E)7H] - [[P(E)]l <
+o0.

Proof The fact that i) implies i) is proved easily. Actually,
[ 4@ = [P~ P < C|le"P].

When D is diagonal with pure imaginary entries, exp(¢D) is unitary, and the
right-hand side equals C".

The fact that i) implies iii) is easy too. The following equality holds provided
the integral involved in it converges in norm

(A— zIn)/ e Ftetdt = —1,. (1.2.16)
0

Because of (1.2.14), the integral converges for every z € C with positive real part.
This gives a bound for the inverse of zI,, — A, of the form

C
I, =A™ < — .
(eI~ A7 < 2o, Rez>0
It remains to prove that i) implies 7). Thus, let us assume (1.2.15). Replacing
(2,€) by (—z,—&), we see that the bound holds for Re z # 0, with |Re 2| in the

denominator. Thus the spectrum of A(€) is purely imaginary.
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Actually, A(¢) is diagonalizable, for if there were a non-trivial Jordan part,
then (21, — A(£))~! would have a pole of order two or more, contradicting
(1.2.15). Therefore, A(¢) admits a spectral decomposition

J
where p; is real and E; = E;(§) is a projector (EJ2 = Ej;), with
BiE,=0,, (k#j), Y Ej=1I,.
J

Let us define

H=H() =) EE;,
J

which is a positive-definite Hermitian matrix. Since A(§)* = —3_, p; £, it holds
that

H(A(E) = —AE)"H(E),

from which it follows that H(£)Y/2A(&)H(¢)~'/? is skew-Hermitian. As such,
it is diagonalizable through a unitary transformation. Therefore A() =
P(&)7ID(€)P(€), where D(¢) is diagonal with pure imaginary eigenvalues, and
P(&) = U(€)H'/?, where U(€) is a unitary matrix.

We finish by proving that P(¢) is uniformly conditioned. Since ||[P*!|| =
|H*'/2|| = ||H||*'/2, this amounts to proving that ||H||-|H | is uniformly
bounded. On the one hand, it holds that

2
lv|> = ZEjv §nZ|Ejv\2 = n|H?v)?,
J J

so that ||[H~'/2|| < \/n. On the other hand, applying (1.2.15) to € + ipg, we have

. Lo C
1Y (e+ipr—ip) "Byl < =

el

J

Letting € — 0, we deduce that ||E;|| < C, independently of &. It follows that
|H| < nC?. O

Remarks

i) A more explicit characterization of hyperbolic symbols has been estab-
lished by Mencherini and Spagnolo when n = 2 or n = 3; see [129].

1) The following example (n = 3 and d = 2), known as Petrowski’s ezample,
shows that the well-conditioning can fail for systems in which all matrices
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A(€) are diagonalizable with real eigenvalues. Let us take

0 1 1 0 0 0
At=(0 0 0], 42=(0 0 0
1 0 0 0 01

One checks easily that the eigenvalues of A({) are real and distinct for
& # 0, while A2 is already diagonal. Hence, A(€) is always diagonalizable
over R. However, as £ tends to zero, one eigenvalue is identically zero,
associated to the eigenvector (£2,&;, —&;)7, while another one is small,
A~ —£265 1, associated to (£2,0, M6 )T, Both eigenvectors have the
same limit (£2,0,0)7, which shows that P(¢) is unbounded as &; tends
to zero. See a similar example in [108]. Oshime [155] has shown that
Petrowsky’s example is somehow canonical when d = 3. On the other hand,
Strang [199] showed that when n = 2, the diagonalizability of every A(&) is
equivalent to hyperbolicity, and that such operators are actually Friedrichs
symmetrizable in the sense of the next section.

iii) Uniform diagonalizability of A(€) within real matrices has been shown by
Kasahara and Yamaguti [93,221] to be necessary and sufficient in order
that the Cauchy problem for

Opu + Z A%d,u = Bu

be C*-well-posed for every matrix B € M,,(R). Of course, the sufficiency
follows from Theorem 1.3 and Proposition 1.2. The necessity statement is
even stronger than the one suggested by the example given in Section 1.1,
since the diagonalizability within R is not sufficient. For instance, if A(&)
is given as in the Petrowski example, there are matrices B for which the
Cauchy problem is ill-posed in the Hadamard sense.

1.2.4  Two important classes of hyperbolic systems

We now distinguish two important classes of hyperbolic systems.

Definition 1.2 An operator
L=0+) A%,

is said to be symmetric in Friedrichs’ sense [63], or simply Friedrichs symmetric,
if all matrices A® are symmetric; one may also say symmetric hyperbolic. More
generally, it is Friedrichs symmetrizable if there exists a symmetric positive-
definite matriz Sy such that every SgA% is symmetric.

An operator M as above is said to be constantly® hyperbolic if the matrices
A(&) are diagonalizable with real eigenvalues and, moreover, as & ranges along

3We employ this shortcut in lieu of hyperbolic with characteristic fields of constant multiplic-
ities.
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S4=1 the multiplicities of eigenvalues remain constant. In the special case where
all eigenvalues are real and simple for every &€ € ST1, we say that the operator
1s strictly hyperbolic.

Let us point out that in a constantly hyperbolic operator, the eigenvalues may
have non-equal multiplicities, but the set of multiplicities remains constant as
¢ varies. This implies in particular that the eigenspaces depend analytically on
& for £ # 0. This fact easily follows from the construction of eigenprojectors as
Cauchy integrals (see the section ‘Notations’.) To a large extent, the theory of
constantly hyperbolic systems does not differ from the one of strictly hyperbolic
systems. But the analysis is technically simpler in the latter case. This is why
the theory of strictly hyperbolic operators was developed much further in the
first few decades.

Theorem 1.4 If an operator is Friedrichs symmetrizable, or if it is constantly
hyperbolic, then it is hyperbolic.

Proof Let the operator be Friedrichs symmetrizable by Sy. Then Sy Uis
positive-definite and admits a (unique) square root R symmetric positive-definite
(see [187], page 78). Let us denote SyA* by S, and S(§) =", £aS® as usual.
Then

A€) = 55 '8(€) = R(RS(E)R)R™.

The matrix RS(§)R is real symmetric and thus may be written as
Q)T D()Q(&), where Q is orthogonal. Then A(£) is conjugated to D(), A(€) =
PE)7ID(&)P(¢), with P(¢) = Q(¢€)R~ ' and P(¢)~! = RQ(&)T. Since our matrix
norm is invariant under left or right multiplication by unitary matrices, we have

IPEIIPE) ™ = IRIIRH = /p(So)p(S5 ),

a number independent of £. The diagonalization is thus well-conditioned.

Let us instead assume that the system is constantly hyperbolic. The
eigenspaces are continuous functions of ¢ in S¢~!. Choosing continuously a
basis of each eigenspace, we find locally an eigenbasis of A(&), which depends
continuously on £. This amounts to saying that, along every contractible subset
of S9=1, the matrices A(£) may be diagonalized by a matrix P(£), which depends
continuously on £. If the set is, moreover, compact (for instance, a half-sphere), we
obtain that A(¢) is diagonalizable with a uniformly bounded condition number.
We now cover the sphere by two half-spheres and obtain a diagonalization of A(£)
that is well-conditioned on S¢~! (though possibly not continuously diagonalizable
on the sphere). O

In the following example, though a symmetric as well as a strictly hyperbolic
one, the diagonalization of the matrices A(£) cannot be done continuously for all
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ce st
Dy + (é _01) Dru+ <(1’ é) Do = 0. (1.2.17)

Here, Sp(A(£)) = {—[¢], ||} Each eigenvector, when followed continuously as &
varies along S1, rotates with a speed half of the speed of &. For ¢ = (cos 6, sin §)”
and 6 € [0, 27), the eigenvectors are

.0 _ain @
<0052> ( bm2>
-0 7 0 ’
sin 5 oS 5

The eigenbasis is reversed after one loop around the origin. This shows that the
matrix P(£) cannot be chosen continuously. In other words, the eigenbundle is
non-trivial.

1.2.5  The adjoint operator

Let L be a hyperbolic operator as above. We define as usual the adjoint operator
L* by the identity

/M/ (v (L) — u - (L*v))dzdt =0, (1.2.18)

for every u,v € 2(R%1)™. Notice that the scalar product under consideration is
the one in the L2-space in (,t)-variables.

With L =0;+ ), A%0,, an integration by parts gives immediately the
formula

[e3

L' ==0,— > (A*)"0,.

The matrix A(£)7, being similar to A(¢), is diagonalizable. Since A(£)7 is diag-
onalized by P(£)~T (with the notations of Theorem 1.3), and since the matrix
norm is invariant under transposition, we see that —L* is hyperbolic too. If L is
strictly, or constantly, hyperbolic, so is L*. If L is Friedrichs symmetrizable, with
5% € SDP,, and S* := S°A“ € Sym,,, then (S°)~! symmetrizes —L* since it is
positive-definite and (S°)~1 (A*)T = (89)~18%(SY)~! is symmetric. Therefore,
L* is Friedrichs symmetrizable.

The adjoint operator will be used in the existence theory of the Cauchy prob-
lem (the duality method) or in the uniqueness theory (Holmgren’s argument),
the latter being useful even in the quasilinear case. Both aspects are displayed
in Chapter 2.

1.2.6 Classical solutions

Let the system (1.1.3) be hyperbolic. According to Theorem 1.1, the Cauchy
problem is well-posed in H®. Using the system itself, we find that, whenever
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a € H*(RH™,
u € €(R; H*(RH™) n ¢ (R; H*~H(RH)™).

Let us assume that s > 1 + d/2. By Sobolev embedding, H* C ¢! and H*"! C
% hold. We conclude that all distributional first-order derivatives are actually
continuous functions of space and time. Therefore, u belongs to €1 (R? x R)"
and is a classical solution of (1.1.3).

More generally, a € H*(RY)" with s > k + d/2 implies that u is of class €*.

Let us consider the non-homogeneous Cauchy problem, with a € H*(R%)"
and f € LY(R; H*(RY)™) N € (R; H*~1(R?)") for s > 1+ d/2. Then Duhamel’s
formula immediately gives u € € (R; H*(R%)"), and the equation gives d;u €
€ (R; H*~1(R?)™). We again conclude that u is ¢ and is a classical solution
of (1.0.1).

Since H*(R%)" is dense in normal functional spaces, as L? or .#’, we see that
classical solutions are dense in weaker solutions, like those in ¢'(R; L?(R%)"™). We
shall make use of this observation each time when some identity trivially holds
for classical solutions.

The scalar case When n =1, the unknown u(x,t) is scalar-valued and all
matrices are real numbers, denoted by a',...,a",b. The supremum in (1.2.11)
is equal to one, so that the equation is hyperbolic. It turns out that the Cauchy
problem may be solved explicitly, thanks to the method of characteristics. Let
¥ denote the vector with components a®. Then a classical solution of (1.1.3)
satisfies, for all y € R,

%u(y + tv,t) = bu(y + tv, 1),
which gives
u(y +t7,t) = ea(y),
or
u(z,t) = e'a(z — t7). (1.2.19)
This formula gives the distributional solution for a € ./ as well. The solution of

the Cauchy problem for the non-homogeneous equation (1.0.1) is given by

t
u(z,t) = eta(z — t7) + / =Nz — (t — $)7, s) ds.
0

1.2.7  Well-posedness in Lebesgue spaces

The theory of the Cauchy problem is intimately related to Fourier analysis, which
does not adapt correctly to Lebesgue spaces LP other than L2. The procedure
followed above requires that F be an isomorphism from some space X to another
one Z. It is known that F extends continuously from LP(R%) to its dual L? (R%)
when 1 < p < 2, and only in these cases. Since F~! is conjugated to F through
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complex conjugation, it satisfies the same property. Therefore, F : LP(R?) —
Lp,(Rd) is not an isomorphism for p < 2, since p’ > 2. From this remark, we
cannot find a well-posedness result in LP for p # 2 by following the above strategy.

It has been proved actually by Brenner [22,23] that, for hyperbolic systems,
the Cauchy problem is ill-posed in LP for every p # 2, except in the case where
the matrices A% commute to each other. In this particular case, system (1.2.12)
actually decouples into a list of scalar equations, for which (1.2.19) shows the well-
posedness in every LP. To see the decoupling, we recall that commuting matrices
that are diagonalizable may be diagonalized in a common basis B = {ry,...,r,}
: A%; = Afr;. Let us decompose the unknown on the eigenbasis:

n
u(z,t) = ij(as,t)rj.
1
Then each w; solves a scalar equation:

dewj + Y A Dqw; = 0.

From the well-posedness of (1.2.12) and Duhamel’s formula, we conclude that,
for commuting matrices A%, the hyperbolic Cauchy problem for (1.1.3) is also
well-posed in every LP. The matrices A% do not need to commute with B.

See Section 1.5.2 for an interpretation of the ill-posedness in LP (p # 2), in
terms of dispersion and so-called Stricharz estimates.

1.3 Friedrichs-symmetrizable systems

A system in Friedrichs-symmetric form

SO+ Y 5*Dou =0

may always be transformed into a symmetric system with Sy = I,,, using the
new unknown @ := Sé/ ®u. For the rest of this section, we shall only consider
symmetric systems of the form (1.1.3).

A symmetric system admits an additional conservation law* in the form

Ohlul> +> " 0a(A%u,u) = 0, (1.3.20)

where (-,-) denotes the canonical scalar product and |u|? := (u,u). Equation
(1.3.20) is satisfied at least for € solutions of the system, when® B = 0. It can be
viewed as an energy identity. Since classical solutions are dense in ¢'(R; L?(R9)™),

4By conservation law, we mean an equality of the form Divz,tF_“ = 0 that derives formally from
the equation or system under consideration.

Otherwise, the right-hand side of (1.3.20) should be 2(Bu, u). In the non-homogeneous case, we
add also 2(f,u).
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and since

u s Oy|ul?® + Z@a(Ao‘u, w)

is a continuous map from this class into 2'(R%*1), we conclude that (1.3.20)

holds whenever a € L(R%)".
With suitable decay at infinity, (1.3.20) implies

d 2
u(z,t)|"dx =
t/d,| (z,t)|*dz =0,

which readily gives
ot 122 = llal - (1.3.21)
Again, this identity is true for all data a given in L?(R?)", since
e it is trivially true for a € ./, where we know that u(t) € .7, since such

functions decay fast at infinity,
* 7 is a dense subset of L2.

1.3.1 Dependence and influence cone

Actually, we can do a better job from (1.3.20). Let us first consider classical
solutions, for some matrix B. The set V of pairs (A, v) such that the symmetric
matrix A, + A(v) is non-negative is a closed convex cone. Given a point (X,T') €
R? x R, we define a set K by

K:={(z,t); \¢ -T)+ (- X) -v<0,V(\,v) € V}.

As an intersection of half-spaces passing through (X,T), K is a convex cone
with basis (X, T), and its boundary K has almost everywhere a tangent space,
which is one of the hyperplanes A(t — T') + (v — X)) - v = 0 for some (A, v) in the
boundary of V.

Given times t; < to < T, we integrate the identity

Orlul® + " 9a(A%u,u) = 2(Bu,u)

on the truncated cone K(t1,t2) := {(z,t) € K; t1 <t < t2}. Using Green’s for-
mula, we obtain

/ nol|ul? Janm(A“u,u) dsS = 2/ (Bu,u)dxdt, (1.3.22)
aK(tl,tz) @ K(t17t2)

where dS stands for the area element, while 77 = (n1,...,n4,np) is the outward
unit normal. On the top (t = t3), 7 = (0,...,0,1), holds while on the bottom, 7 =
(0,...,0,—1). Denoting w(t) := {x; (x,t) € K}, the corresponding contributions
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are thus

/ |u(:r,t2)\2dx —/ |u(x7t1)|2dm.
w(tz) w(t1)

On the lateral boundary, one has
1
= ———=W,A)

VAZ 4 |v|?
for some (A, v) in V, which depends on (x,t). The parenthesis in (1.3.22) becomes
__
VAZ + |v)?

Thus the corresponding integral is non-negative. Denoting by y(t) the integral
of [u(t)|? over w(t), it follows that

(M, + A(v))u,u).

y(tz) —y(t1) < 2/

ta
(Bu,u)dacdt§2||B||/ y(t) dt.
K(tl,tg) t1

Then, from the Gronwall inequality, we obtain that

y(ty) < 62(t27t1)HBHy(tl)_

In particular, for 0 < ¢t < T, we obtain

/ |u(x,t)|2da;ge2t”BH/ la(x)2da. (1.3.23)
w(t)

w(0)

Because of the density of classical solutions in the set of L2-solutions, and
since its terms are L2-continuous, we find that (1.3.23) is valid for every L2-
solutions.

Inequality (1.3.23) contains the following fact: If a vanishes identically on
w(0), then so does u(t) on w(t). Equivalently, the value of uw at the point (X,T")
(assuming that the solution is continuous) depends only on the restriction of the
initial data a to the set w(0).

Definition 1.3 The set
w(0) ={z eRY; (z — X)-v < AT, V(\,v) € V}
is the domain of dependence of the point (X, T).

Let us illustrate this notion with the system (1.2.17), to which we add a
parameter ¢ having the dimension of a velocity:

1 0 0 1
(‘9tu—|—c<0 _1)81u+c<1 0>82u—0.
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Since

A+ cv cv
)\12+A(l/): ( v 1 )\_zyl)’

the cone V is given by the inequality c|v| < A. Thus the domain of dependence
of (X,T) is the ball centred at X of radius ¢T'.

We now fix a point z at initial time and look at those points (X,T) for
which x belongs to their domains of dependence. Let us define a convex cone C*
by

Cri={yeR¥ \+y-v>0,Y\v) €V}
Defining y = (X —z)/T, we have 1+y-v >0, that is y € C*t. There-

fore X =2+ Tyca+TCt. We deduce that u vanishes identically outside
of Suppa+ TC*, where a=u(-,0). We have thus proved a propagation

property:
Proposition 1.4 Let the system (1.1.8) be symmetric. Given a € L>(RY)", let
u be the solution of the Cauchy problem. Then, for t; < ta,
Suppu(tz) C Suppu(ty) + (t2 — t1)C™. (1.3.24)
Reversing the time arrow, we likewise have
Suppu(t) C Suppu(ts) + (t2 —t1)C™, (1.3.25)
where
CT={yeRY; A\ +y-v>0,Wwe -V}
This result naturally yields the notion:

Definition 1.4 Given a domain w at initial time. The influence domain of w
at time t > 0 is the set w + tCt.

Remark From Duhamel’s formula, we extend the propagation property to the
non-homogeneous problem. For instance, the solution for data a € L? and f €
LY(0,T; L?) satisfies

Suppu(t) C (Suppa +tCT) U U (Supp f(s) + (t —s)CT). (1.3.26)

0<s<t

1.3.2 Non-decaying data

Though the previous calculation applies only to solutions in ¢'(R; L?), where we
already know the uniqueness of a solution, it can be used to construct solutions
for much more general data than square-integrable ones.

First, the inequality (1.3.23) implies a propagation with finite speed: if a €
L?(RY)™ and t > 0, the support of u(t) is contained in the sum Suppa + tC*.
We now use the following facts:
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e [?is dense in .%,

e for a in ./, there exists a unique solution in % (R;.#’) (see Proposition
1.3),

e the distributions that vanish on a given open subset of R% form a closed
subspace in ..

We conclude that (1.3.24) and (1.3.25) hold for a symmetric system when a is a
tempered distribution.

We use this property to define a solution when the initial data is a (not
necessarily tempered) distribution. Let a belong to 2/(R%)". Given a point y €
R? and a positive number R, denote by C(y; R) the set y + RC~. Choose a cut-
off ¢ in Z(R?), such that ¢ =1 on C(y, R). The product ¢a, being a compactly
supported distribution, is a tempered one. Therefore, there exists a unique u?,
solution of (1.1.3) in € (R;.%”’), with initial data ¢a. For two choices ¢, of cut-
off functions, (¢ — 9)a vanishes on C(y; R), so that u?(t) and u¥(t) coincide on
C(y; R —t) for 0 < t < R. This allows us to define a restriction of u® on the cone

K(y;R) = |J {t} xCly; R—1).

0<t<R

As shown above, this restriction, denoted by u, r does not depend on the choice
of the cut-off. It actually depends only on the restriction of @ on C(y; R). Now, if
a point (z,t) lies in the intersection of two such cones K (y1; R1) and K (y2; Ra2),
it belongs to a third one K (y3; R3), which is included in their intersection. The
restrictions of u,, g, and uy, r, to K(ys; R3) are equal, since they depend only
on the restriction of a on C(ys3; R3). We obtain in this way a unique distribution
u € €(RT; '), whose restriction on every cone K (y; R) coincides with u, . It
solves (1.1.3) in the distributional sense, and takes the value a as ¢ = 0. Reversing
the time arrow, we solve the backward Cauchy problem as well.

This construction is relevant, for instance, when a is L120C rather than square-
integrable. It can be used also when a is in LP for p # 2, even though the cor-
responding solutions are not ¥ (R; L?) in general, because of Brenner’s theorem.

1.3.3  Uniqueness for non-decaying data

The construction made above, though defining a unique distribution, does not
tell us about the uniqueness in % (0,7;X) for a € X, when X = 2'(R)" or
X = L2 _(RY)™ for instance. This is because we got uniqueness results through
the use of Fourier transform, a tool that does not apply here. We describe below
two relevant techniques.

Let us begin with X = L? . We assume that u € €(0,7;X) solves (1.1.3)

with a = 0. We use the localization method. Let K(y; R) be a cone as in the
previous section, and ¢ € 2(R%) be such that

¢(x)=1, Vze |J CyR-1),

0<t<R
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the latter set being the z-projection of K (y; R). Multiplying (1.1.3) by ¢, and
denoting v := ¢u, we obtain

8tU+ZAa8aU:B’U+f,

where v € €(0,T; L?(R%)™) and
= (016 + A(Va0))u € €(0,T; L*(R)").
At this point, we are allowed to write the energy estimate

O|v|* + Zaa(Aav,v) = 2Re (Bv + f,v),
which gives for every 0 < t; <ty < R, after integration,

ta
/ |v(t2)|2dx§/ |v(t1)|2dx+/ dt/ 2Re ((Bv,v) + (f,v))dz,
w(tz) w(tl) t1 w(t)
(1.3.27)

where w(t) := C(y; R — t). However, the equalities v = u, f = 0 hold in K(y; R).
Therefore (1.3.27) reduces to

to
/ |u(t2)\2dx§/ \u(t1)|2dx+2/ dt/ Re (Bu,u) da.
w(tQ) w(tl) t1 u.)(t)

This, with the Gronwall inequality, gives

/ lu(z, t)|2dz < 2B / lu(z,0)[*dz = 0.

w(t) w(0)

Since y and R are arbitrary, we obtain u = 0 almost everywhere, which is the
uniqueness property.

We now turn to the case X = 2'(R%)", where the former argument does not
work. Our main ingredient is the Holmgren principle, a tool that we shall develop
more systematically in subsequent chapters. We assume that v € €(0,7T; X)
solves (1.1.3) in the distributional sense. This means that, for every test function

¢ € P(R? x (0,T))", it holds that
(,L*¢) =0, L*:=-0,—> (A*)"0,— B".

[e3

This may be rewritten as

/T<U(t),L*¢(t)> dt = 0. (1.3.28)
0

Let ¢ be a slightly more general test function: ¢ € Z(R? x (—o0,T))"™. Choosing
0 € € (R) with (7) =0 for 7 < 1 and 0(7) = 1 for 7 > 2, we define

Ge(x, 1) = 0(t/ ) (,1).
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We may apply (1.3.28) to ¢., which gives

T 1 T
| oo, Lruwydr = [ oo, o) i
0 0

Using the continuity in time, we may pass to the limit as ¢ — 0T, and obtain

/O (ult), L (8)) dt = (u(0), (0)).

Therefore, assuming u(0) = 0, we see that (1.3.28) is valid for ¢ as well, that is
to test functions in (R x (—oo,T))™.

We now choose an arbitrary test function f € 2(R¢ x (0,7))". Obviously,
L* is a hyperbolic operator and we can solve the backward Cauchy problem

L'x=Ff, x(T)=0.

Extending f by zero for ¢t < 0, we obtain a unique solution x € €*°(—o0,T;.%).
Applying (1.3.26) to this backward problem, we see that x(¢) has compact
support for each time, with Supp x(#) included in a ball of the form B,,p_y), for a
suitable constant p. Also, x vanishes identically for ¢ close enough to T' (because
f does). Truncating, we apply (1.3.28) to ¥(xz,t) = 0(t + 1)x(z,t). This gives
(u, f) =0 for all test functions, that is u = 0. Therefore the Cauchy problem
for a Friedrichs-symmetric operator has the uniqueness property in the class

©(0,T; 2").

1.4 Directions of hyperbolicity

The situation for general (weakly) hyperbolic operators is not as neat as that for
Friedrichs-symmetrizable ones. Non-symmetrizable operators do exist, as soon
as d =2 and n = 3, as shown by Lax [110]. The class of constantly hyperbolic
operators provides a valuable and flexible alternative to Friedrichs-symmetrizable
ones. Their analysis will lead us to several new and useful notions.

In this section, we shall not address the problem of propagation of the support
(with finite velocity), which we solved in the symmetric case. This propagation
holds true for constantly hyperbolic systems, but a rigorous proof needs a theory
of the Cauchy problem for systems with variable coefficients. Such a theory will
be done in Chapter 2, where we shall prove an accurate result.

1.4.1  Properties of the eigenvalues

The results in this section are essentially those of Lax [110], and the arguments
follow Weinberger [217], though we give a more detailed proof of the claim below.

We begin by considering a subspace E in My, (R), with the property that every
matrix in E has a real spectrum. Without loss of generality, we may assume that
I,, belongs to E. If M € E, we denote by A;(M) < --- < A\, (M) the spectrum
of M, counting with multiplicities. The functions A; are positively homogeneous
of order one. They are continuous, but could be non-differentiable at crossing
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points. In the constantly hyperbolic case, however, they are analytic away from
the origin.

Lemma 1.1 Let A and B be matrices in E, with \1(B) > 0. Then the eigen-
values of B~Y(\I,, — A) are real.

Proof From the assumption, we know that B is non-singular. Define a poly-
nomial

P(X,Y) :=det(XI, — A—YB),

which has degree n with respect to X as well as to Y. Define continuous functions
o;(p) = Aj(A+ pB). From homogeneity and continuity, we have

oy A (B), as p — 400,
¢3(1) {N)\n+1j(B) as {1 — —0oo.

Hence ¢;(u) tends to oo with p. By the Intermediate Value Theorem, it must
take any prescribed real value A at least once.

Thus, let A* be given and p; € R be a root of ¢;(i;) = A* for each j. Given
one of these roots, p*, let J be the number of indices such that pu; = p*. Then
A* is a root of P(-,u*), of order J at least.

Claim 1.1 The multiplicity of pu* as a root of P(\*,-) is larger than or equal
to J.

This claim readily implies the lemma. Its proof is fairly simple when the ¢;s are
differentiable, for instance in the constantly hyperbolic case. But in the general
case, one must use once more the assumption. To simplify the notations, we
assume without loss of generality that \* = pu* =0, by translating A to A+
w*B — X*I,. Let N (N > J) be the multiplicity of the null root of P(-,0). The
Newton’s polygon of the polynomial P admits the vertices (NN, 0) and (0, K).
Let § be the edge of the Newton’s polygon with vertex (N,0). We denote its
other vertex by (j, k). Retaining only those monomials of P whose degrees (a,b)
belong to §, we obtain a polynomial X7@Q with the following homogeneity:

Qa*X,aV7Y) = aFN)Q(X,Y).

It is a basic fact in algebraic geometry (see [35], Section 2.8) that, in the vicinity
of the origin, the algebraic curve P(x,y) = 0 is described by simpler curves corre-
sponding to the edges of the Newton polygon, up to analytic diffeomorphisms. In
the present case, these diffeomorphisms have real coefficients (i.e. they preserve
real vectors) since P has real coefficients. The ‘simple’ curve 7 associated to
0 is just that with equation Q(z,y) = 0. Hence, points (z,y) in v with a real
co-ordinate y must be real (because this is so in the curve P = 0.)

Let w be a root of unity, of order 2(N — j), that is w¥ =7 = —1. Because of

the homogeneity, the map (x,%) — (w¥z, —y) preserves 7. If y is real, the map
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thus moves a real point into another one. Hence, w” is real, thus w?* = 1. This

implies that k is a multiple of N — j. In particular, £ > N — j.
Since (j,k) is a vertex of the Newton polygon, lying between the vertices
(N,0) and (0, K), we have
j k
4 — < 1.
N + K~
Together with & > N — j, this implies K > N and the claim. O

Suppose that in the proof of Lemma 1.1, one of the functions, say ¢;, is not
strictly monotone. For a suitable real number A, the equation ¢;(n) = A will
have at least three roots, and P(A,-) =0 will have n + 2 roots at least, which
is absurd. Therefore, the assumption A\ (B) > 0 implies that p +— \;j(A + pB) is
monotone increasing. For a general B in E we may apply that to B’ := B — cI,,
with ¢ < \1(B). Letting ¢ — A\ (B), we obtain that

i N (A + uB) - phi (B

is non-decreasing. In particular,

Reversing (4, B) into (—A, —B), we also have
Aj(A+ B) < \j(A)+ M\(B), VA, BEE. (1.4.30)

In particular, with j = 1 in (1.4.29) and j = n in (1.4.30), we obtain:

Proposition 1.5 Let E be a vector space of real n X n matrices, whose every
element has a real spectrum.

The smallest eigenvalue is a concave function, while the largest is a convex
one: For every A and B in E,

A(A+ B) 2 M(A) + Mi(B),
An(A+ B) < An(A) + An(B).
e

This applies to the space E:={A(£); & € R4} when the operator L = 0y +
Yoo A%0q is hyperbolic.

Remark When F = Sym_ (R), a space that obviously satisfies the assumption,
(1.4.29) and (1.4.30) belong to the set of Weyl’s inequalities. Given the spectra
of A and B, but not A and B themselves, Horn’s conjecture, proved recently
by Klyachko [98] and Knutson and Tao [99], characterizes the set of possible
spectra of A+ B as a convex polytope, defined through rather involved linear
inequalities. It would be interesting to know' which of these inequalities remain

TThis question has been solved recently, thanks to the efforts of J. Helton, V. Vinnikov and
L. Gurvits. It turns out that every linear inequality that is valid for real symmetric matrices is
valid for matrices in E. These inequalities actually apply to the roots of an arbitrary hyperbolic
homogeneous polynomial.
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true for a general subspace E treated in this section. The simplest ones in Horn’s
conjecture are Weyl’s inequalities

Me(A+ B) < N\(A) + X (B), (k+n<i+j),
and
Me(A+ B) > Ni(A) + \;(B), (k+1>i+37).

Next comes the Theorem of Lidskii, which tells us that, as a vector in R”, the
spectrum of A + B belongs to the convex hull of (P?),¢s, where P, has co-
ordinates \;(A) 4+ A, (;)(B) and o runs over all permutations. See Exercises 11 of
Chapter 3 and 19 of Chapter 5 in [187].

Lemma 1.1 can be improved in the following way. Given A* € R, let 01,..., 05
be the distinct eigenvalues of M = B~Y(\I,, — A). Let S, be the set of indices
j such that p;(\*) = o, and Jy its cardinality. Since each function ¢, is strictly
monotone, we have \* — ¢; (o) # 0 for every j not in Sy. Therefore, Jy is precisely
the multiplicity of the root A* of P(-,0,). From the claim, we know that Jy is
less than or equal to the multiplicity m, of oy as a root of P(A*,-). Hence

n:J1+"'+Js§m1+"'+ms:n7
and we conclude that m, = J, for each /.

Lemma 1.2 With the assumptions of Lemma 1.1, let a real pair satisfy
P\, p) =0, where P(X,Y) :=det(XI, — A—YB). Then the multiplicities of
A as a root of P(-, ), and of p as a root of P(),-), coincide.

Finally, we remark that A — max{—A1(A), \,(4)} is a semi-norm over such
a space F as above.

1.4.2  The characteristic and forward cones

From now on, F is the set of matrices 71, + A(¢) for (7,¢) € R4, where L =
Oy + >, A%0, is a hyperbolic operator.

Definition 1.5 The characteristic cone of the hyperbolic operator L = 0y +
Yoo A%0q is the set

charL := {(£,\) € RY x R; det(A(¢) + A,) = 0}.

Its elements are the characteristic frequencies. The connected component of (0,1)
in (R? x R) \ charL is denoted by T'; it is called the forward cone.

Obviously, I' is a kind of epigraph of A,:
D={(&N;:A> (=9}

According to Proposition 1.5, it is a convex cone in R?*!, a result originally due
to Garding [65,66]. The terminology forward cone will be explained in the next
section.
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When L is constantly hyperbolic, the eigenvalues A; are analytic away from
the origin. The function \,, has therefore a non-negative Hessian D?),,. Because
of homogeneity, this Hessian is indefinite,

D2\, (£)¢ = 0.

Therefore I' is not strictly convex in the usual sense, and we shall say that A, is
transversally strictly convez if the equality

OAR(E) + (1 = )M (&) = M (06 + (1 = 0)E'), 0 €(0,1)

implies ¢ € RT¢. We now prove that such a strict convexity holds for most
systems.

Proposition 1.6 Let the operator
L=0+) A0,
[

be hyperbolic. Then the forward cone I is convex.

If L is constantly hyperbolic, then either the function X\, is transversally
strictly convex (and therefore Ay is transversally strictly concave), or the system
s a vector-valued transport equation

dyu+ (V-)Vu = 0.

Proof If A\, is not transversally strictly convex, there exists a segment [£7, &5]
on which A, is affine, and &1, £, are not parallel. By homogeneity, A, is affine on
the triangle with vertices 0, &1, &5. Since A, (0) = 0, ‘affine’ actually means ‘linear’.
Let P be the plane spanned by &, . Since A, is analytical away from the origin,
and since P \ {0} is a connected set, the restriction of A, to P is linear. It follows
that A, (&1) = =\ (=&1). In other words, A, (£1) = A1(&1). This means that A(&;)
has only one eigenvalue. Finally, the system being constantly hyperbolic, there
must be only one eigenvalue for every . Since A({) is diagonalizable, this gives
A(&) = M ()1, Therefore, A\, (&) = Tr A(€)/n, which shows that A, is linear on
the whole R?, thus there exists a vector V such that A, &) = V - €. This ends the
proof. O

1.4.3  Change of variables

The role of the cone I' becomes clear when we consider changes of the space—time
reference frame. Let us perform a linear change of independent variables

(x,t)'—>(y,s), ysz—ktV, S:)\()t-f—fo'l',
with R € My(R) and V, &, € R%, chosen so that the whole matrix

R V
R'_< i )\0>
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is invertible. The system (1.1.3) is changed into

ds o
where
A% = (NI + A(60)) ™ | D] RapA® + Val, |, (1.4.31)
B

provided that (&p, Ao) is not characteristic. We consider the variable s as a new
time variable and look at the Cauchy problem. Let us point out that it is not
equivalent to the former Cauchy problem, since the data is now given on the
hyperplane {s = 0}, instead of {t = 0}. Its strong well-posedness is equivalent to
the hyperbolicity of the operator

o ~ 0
$+%:A e

A change of variables that preserves ¢ (that is with £, = 0, Ag = 1) is harmless,
giving Z(n) = A(&) + (¢£- R7V)I, with € = RTn, so that hyperbolicity is pre-
served. Therefore, hyperbolicity is really a property of the pair (£, \p), which
determines the direction of the hyperplane {s = 0} where the Cauchy data is
given. This leads us to the following.

Definition 1.6 We say that the operator

Lzat+ZAaaa

is hyperbolic in the direction (&g, \o), if ({0, Ao) is not characteristic, and if,
moreover, the operator

~ 9 ~, 0
L=+ ZQ:A e (1.4.32)

is hyperbolic, with A being defined in (1.4.81).
Remarks

* In particular, 9, + ), A%0, is hyperbolic in the direction (0, 1) if and only
if it is hyperbolic in the sense that we considered so far.

e The hyperbolicity in directions (£y, Ag) and (—&p, —Ag) are equivalent.
Therefore, we may always restrict ourselves to A\g > 0.

® When 0; + ), A0, is symmetric, and when Aol + A(§) is positive-
definite, the new operator ds + ), ﬁac'?a is Friedrichs symmetrizable, with
Xoln + A(&) as a symmetrizer. This statement is to be compared with



Directions of hyperbolicity 29

Theorem 1.5 below, with the remark that the positive-definiteness means
that Aol + A(€o) belongs to I in this case.

e If (&, \o) € charL, the matrices A° are not well-defined; the variable s
cannot be taken as a time variable. In this case, we say that the hyperplane
{s = 0} is characteristic. We shall come back to this important notion later.

Hyperbolicity in the direction (£y, Ag) means that the matrices
An) = (Noln + A€)) ™ (AR ) + (V- 1)1)

have a real spectrum for every n € R?, and are uniformly diagonalizable. Lemma
1.1 tells us that this spectrum is real for every n € RY, as soon as Ai(Aol, +
A(&o)) > 0, which means Ag + A1(A(&o)) > 0. On the other hand, one has, with
the notations of Lemma 1.1,

ker(B~Y(\I,, — A) — pul,) = ker(\l,, — A — uB).

Since now every element of F is diagonalizable, the dimension of the right-hand
side equals the multiplicity of A as a root of P(-, 1). From Lemma 1.2, we deduce
that the dimension of the left-hand side equals the multiplicity of u as a root of
P(},-). Hence the algebraic and geometric multiplicities coincide: B~1(\ — A) is
diagonalizable. Applying this result to the above context, we conclude that A()
is diagonalizable with a real spectrum, for every n € R?. We leave the reader to
verify that the diagonalization can be performed uniformly, using the assumption
that it is true in F.

In two instances, the verification of this fact is rather easy. For, if L is
symmetric and (Ag,&) € ', then M\oI,, + A(&p) is positive-definite and plays
the role of a symmetrizer for L. On the other hand, assume that L is strictly
hyperbolic (or more generally constantly hyperbolic). Looking back at the proof
of Lemma 1.1, the functions ¢; and ¢, cannot coincide somewhere if j # k.
Hence B~'(\I, — A) has distinct eigenvalues. It follows that L is strictly (or
constantly) hyperbolic too.

Therefore, we have the following result.

Theorem 1.5 A hyperbolic operator L is hyperbolic in every direction of its
forward cone. If L is either Friedrichs symmetrizable, or strictly, or constantly
hyperbolic, then L has the same property in every direction of its forward cone.

Comments It is known that when F is a subspace of My (R), consisting
only on diagonalizable matrices with real eigenvalues, these eigenvalues may be
labelled, at least locally, with the property that one-sided directional derivatives

foy AT+ hTy) = N(T)

h—0+ h =02 (1)
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exist. However, A (77) may be neither linear with respect to 71, nor continuous
in T. Although it is positively homogeneous in 77, it may not satisfy

SAr(—T1) = —5Ar(T0). (1.4.33)

We illustrate these facts with a two-dimensional space, spanned by the matrices

1. (1 0 2. (0 1
v (3 0) (0D,

The matrix & A! + £, A2 has eigenvalues +|¢|. We choose A\; = —[¢], Ao = [¢].
These functions are not differentiable at the origin but have the one-sided direc-
tional derivatives mentioned above. There is no way to relabel the eigenvalues in
order to satisfy (1.4.33). A more involved example is the set of symmetric n x n
matrices.

A rather complete analysis of these facts may be found in Chapter 2 of Kato’s
book [95]. It also contains (Theorem 5.4 of [95]) the following amazing fact, which
shows that the two-dimensional example above is optimal. When restricting to
a curve s — T'(s) in E, where the parametrization is differentiable (respectively,
analytic), one may label the eigenvalues in such a way that they are differentiable
(respectively, analytic) with respect to s. In other words, one may satisfy (1.4.33)
when there is only one scalar parameter, though it will be at the price of a loss
of ordering.

1.4.4 Homogeneous hyperbolic polynomials

The theory of scalar equations of higher order involves the notion of hyperbolic
polynomials. Let p be a homogeneous polynomial of degree n in d + 1 variables
o, .- .,&q. We consider the equation

00N,
p Bg’ " By = f.

According to Garding [65], we say that p is hyperbolic in the direction of some
real vector a € R+ if for every vector € € R4, the equation

p(ra+¢&) =0

has n real roots, counting multiplicities. This implies p(a) # 0 and we may
normalize p by p(a) = 1. Notice that the traditional case where x¢o =t and p
is hyperbolic in the direction of time corresponds to a = (1,0,...,0). A typical
example is p(§) = & — & — -+ — &2, which is associated to the wave operator
02 — A2, and is hyperbolic in the ‘direction of time’ a = (1,0...,0).

The definition of hyperbolicity given above is equivalent to the C*° well-
posedness of the Cauchy problem for the equation

p(807 N ,8d)u = f
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However, it does not imply L2- or H*-well-posedness (in a sense adapted to
the order of the operator); it is merely the analogue of the weak hyperbolicty
described in Section 1.1. We refer to [65] for the case where p is not homogeneous.
Garding’s definition of hyperbolicity is the more general one, and extends, for
instance, that of Petrowsky [158].

We shall not discuss here the Cauchy problem for general hyperbolic opera-
tors. This has given rise to an enormous literature. However, we do not resist to
mention the remarkable convexity results obtained by Garding in [66]. The first
property is that the polynomial ¢, homogeneous of degree n — 1, defined by

q(§) = zd:a 9
a=0 aga

is hyperbolic in the direction of a too. This is the interlacing property of real
zeroes of a univariate polynomial and its derivative. Let us give an immediate
application. It is clear that a linear form is hyperbolic in every non-characteristic
direction, and also that the product of polynomials that are hyperbolic in some
direction a (the same for every one), is hyperbolic also in this direction. For
instance, 0441(€) := [[, &a is hyperbolic in the direction of (1,...,1). Applying
repeatedly the derivation in direction a, we deduce that every elementary sym-
metric polynomial o (&) is hyperbolic in the direction (1,...,1). This is trivial if
k =1 (pure transport), and this is well known if £ = 2, because o3 is a quadratic
form of index (1, d), positive on (1,...,1).

The forward cone C)(a) is the connected component of @ in the set defined by
p(§) > 0. As in the case of first-order systems, C(a) is convex, and p is hyperbolic
in the direction of b for every b in Cp(a). If ¢ is the a-derivative as above, then
Cp(a) C Cy(a), with obvious notation.

The nicest result is perhaps the following. Let P be the polarized form of p,
meaning that

(€., &") = P&, €M)

is a symmetric multilinear form, such that P(¢, ..., &) = p(&) for every & € R+
(this is the generalization of the well-known polarization of a quadratic form).
Then we have

(6" € Cpla),....€" € Cyla)) = (p(€") -+ p(€") < P(E",....€N") . (1.4.34)

We point out that when n = 2, that is when p is a quadratic form of index
(1,d), this looks like the Cauchy—Schwarz inequality, except that (1.4.34) is in
the opposite sense. An equivalent statement is that

& p()tn

is a concave function over Cp(a).
Garding’s results have had many consequences in various fields, including
differential geometry, elliptic (!) PDEs (see, for instance, the article by Caffarelli
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et al. [29]) and interior point methods in optimization. A rather surprising
byproduct is the concavity of the function®

H ' (det H)Y™  H e HPD,,.
This property is reminiscent of the Alexandrov-Fenchel inequality
vol(K1)vol(K3) < V(K1, K3)?

for convex bodies, where V denotes the mized volume. The van der Waerden
inequality for the permanent of a doubly stochastic matrix can be rewrit-
ten in terms of an inequality for hyperbolic polynomials, applied to o, in n
indeterminates.

1.5 Miscellaneous
1.5.1  Hyperbolicity of subsystems

Let L =0;+),A%, be a hyperbolic n x n operator. Given a linear sub-
space G of R™ of dimension m, with a projector m onto G, one may form
a subsystem in m unknowns v(z,t) € G and m equations, governed by the
operator L' = 0, + ) mA%0,. There is no reason, in general, why L’ would
be hyperbolic. The following result shows that a clever choice of 7 ensures this
hyperbolicity.

Theorem 1.6 Let L =0;+ )., A%0q be a hyperbolic n x n operator and &g
belong to S4=1. Given an eigenvalue Ny of the spectrum of A(&y), denote by 7
the eigenprojection onto the eigenspace F(Ao) := ker(A(&o) — Moln).
Then the operator
d
L':=0,+Y wA"0a,
a=1

acting on functions valued in F(X\o) (thus it is an m X m operator, m being the
multiplicity of Ao ), is hyperbolic.

This result is of low interest when L is symmetric hyperbolic (or more
generally smmetrizable), for then 7 is an orthogonal projection, so that wA(§) :
F(X\g) — F(Xo) is symmetric, thus L’ is symmetric hyperbolic too.

Proof Using a linear change of unknowns, which amounts to conjugating the
matrices A%, we may assume that A(¢p) is diagonal:

A(&o) = <)\0()Im £0> ,

6This result is strictly better than the well-known concavity of H — logdet H for positive-definite
Hermitian matrices. However, this latter statement has the advantage of having a form independent
of n.
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where Dy — Agl,,_m, of size n —m, is invertible. We decompose vectors and

matrices accordingly:
[z «_[(CY F©
X_(y>’ 4 _(E“ D‘“)'

The theorem states that the m x m operator
d
L'i=0+Y Cq
a=1

is hyperbolic.

Since C™ is the direct sum (R™ X {Op—m}) ® ({Om} x R*™™) of invariant
subspaces of A(§p), corresponding to disjoint parts of the spectrum, standard
perturbation theory (see Kato [95]) tells us that there exists a neighbourhood V
of & and an analytical map § — K (&) from V to M(,_,)xm(R), such that

i1) the subspace

VO = { (ki) o R}

is invariant under A(§).

Hence, N(€) is invariant under the flow of X = A(£)X. On this subspace, the
flow is defined by & = Q(§)z, y = K(§)x, where

Q&) == C (&) + F(OK(E).
Let us define
M= sup | expiA(E)],

which is finite by assumption. For every ¢ in V, t € R and zy € R™, it holds that
| exp(itQ(&))zol| < coM ([|woll + || (&)zol]),

where ¢ is accounted for the equivalence of the standard norm with (z, K (§)x) —
lz]], on N(§). In other words,

lexp(tQ(€))]| < coM (1 + [ K (E)])- (1.5.35)

Let 1 be given in R%. One applies (1.5.35) to the vector £ = &, + s, for s small
enough (in such a way that £ € V) and ¢ = 1/s. Since

Q&) = Mol + sC(n) + sF(n)K(E),
it holds that

expitQ(€) = e expi(C(n) + F(n)K(€)).



34 Linear Cauchy Problem with Constant Coefficients

Using (1.5.35) and passing to the limit as s — 0, we obtain
[expiC(n)|| < 1M,
which proves the claim. O

We improve now Theorem 1.6 for constantly hyperbolic systems. Theorem
1.7 below is attributed to Lax. It turns out to be useful in geometrical optics in
the presence of non-simple eigenvalues. It will also be valuable in the study of
characteristic initial boundary value problems, see Section 6.1.3.

To begin with, we consider a constantly hyperbolic operator L and select
an eigenvalue A(§), whose multiplicity, for £ # 0, is denoted by m. Denote by
me the eigenprojector onto ker(A(€) — A(€)I,,). Obviously, A and 7 are analytic
functions on R\ {0}.

Theorem 1.7 Assume that L is constantly hyperbolic and adopt the above
notations. Then, for every £ # 0 and every n € RY, it holds that

meA(n)me = (AA(E) - n)me.
Proof Differentiating the identity (A(§) — A(§))me = 0, we obtain
(A(&) = M) (&) - n) + (A(n) = dA(E) - m)me = 0.

We eliminate the factor dn(§)-n by multiplying this equality by m¢ on the
left. O

In matrix terms, we may choose co-ordinates in R™ such that, for some vector
§£#0,
A, 0
1M0< © A), det(A' = A(E) ) £0.

The theorem above tells us that if A has a constant multiplicity, one has

_ (- X)In B(n)
am = (o) o) e

for some vector X € RY.

Corollary 1.1 Let L be constantly hyperbolic, with an eigenvalue A of multi-
plicity m > n/2. Then & — \(§) is linear.

Proof From the assumption, there exists a non-zero vector x in the intersection
of ker(A(§) — A(&)) and ker(A(n) — A(n)). On the one hand, mex = z. On the
other hand, A(n)x = A(n)x. Applying Theorem 1.7 gives A(n) = dA(&) - . O

Remarks

e The example given in Section 1.2.3 shows that assuming only the diago-
nalizability on R™ of all matrices A(£) does not ensure the hyperbolicity of
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the suboperator L', since one of the matrices C(n) is a Jordan block J(0;2)
(take d =2, n =3, & = €2 and \g = 0).

e The assumption of constant hyperbolicity in Theorem 1.7 may be relaxed
by assuming only hyperbolicity with an eigenvalue o — A(o) of constant
multiplicity in the neighbourhood of &.

® The conclusion in Theorem 1.7 may not be true when we drop the assump-
tion of constant multiplicity. For instance, let us consider a symmetric
hyperbolic operator L. We may assume that £ = e and that N(¢) equals
R™ x {0}. In other words, A% is block-diagonal with the last block equal
to Alp_m. Then meA(n)me is the first diagonal block of A(n). It may be
any linear map into the space of real symmetric m X m matrices. A refined
analysis when \g does not correspond to a locally constant multiplicity has
been done by Lannes [107].

¢ The argument developed in the proof of Theorem 1.6 can be used in the
context of parabolic-hyperbolic operators. We leave the reader to prove
the following result (Hint: show that, for £ large enough, the appropriate
matrix has an invariant subspace N (), which tends to the subspace defined
by v =0 as £ — +00).

Theorem 1.8 Assume that the Cauchy problem for the system
Opu+ Y A%Oqu+ Yy B 0w =0,

O+ Y COau+ Y DOqv =3 E*’0,05v
«a o a,f3

is well-posed in L?(R? x R}). Assume also that the diffusion matriz

E(g) = Z gafﬁEaﬁ
o,

is non-singular for every £ # 0. Then the operator
Op+ > A0,

1s hyperbolic.

e Likewise, one can consider first-order systems with damping (see [19, 147,
222,223]). Again, we leave the reader to prove the following result (Hint:
for € =0, the subpace defined by v = 0 is invariant for the appropriate
matrix. Extend it as an invariant subspace N (£).)
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Theorem 1.9 Let R e M,(R) be given, with 1 <p <n. Assume that the
Cauchy problem for the system

Opu+ Y A%Oqu+ Yy B 0w =0,
00 + Z C%Opu + Z D*d,v = Rv

is well-posed in L2(R? x R}), uniformly in time, in the sense that there exists a
constant M, independent of time, such that every solution satisfies

[(w, ) ()| > < M| (u, v)(0)]] L2

Assume also that the damping matriz R is non-singular. Then the operator
Op+ > A0,
o

18 hyperbolic.

This result is meaningful in the study of relazation models.

1.5.2  Strichartz estimates

This section deals with norms of LY (L) type for functions u(z,t), namely

1/p
i = ([ 1O eatt)

Such norms define Banach spaces. Interpolation between the spaces associated
to pairs (p1,q1) and (p2,q2) (say p1 < po) yields the spaces associated to (p, q),

with
1 1 1 1 1 1 1 1
p<p<py, |———)|(--—)=(—-—(-—-—].
q 42 p P2 P11 P2 qa q2

There are various types of Strichartz estimates. We shall neither list them all,
nor give proofs, except in a single particular case (see below). Given a hyperbolic
operator L = 0; + A(V,), a Strichartz estimate is an inequality that typically
bounds the L¥(L4)-norm of the solution u of

Lu:f7 u(t:0)2u07

in terms of norms of f and wg, taken in other functional spaces. By a duality
argument, one deduces the general case from the simpler one ug = 0. The latter
follows from a dispersion inequality in the homogeneous case f = 0, through the
Fractional Integration Theorem (Hardy-Littlewood—Sobolev inequality).

As far as we know, the wave operator and its variant are the only ones that
retained the attention of authors within hyperbolic problems. Therefore, we shall
restrict ourselves to operators L that ‘divide’ the Dalembertian 97 — A, in the
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sense that A(€)? = |¢|21,,. We then speak of Dirac operators, and Lu = 0 implies

O2uj — Ayuj =0 for j =1,...,n. The simplest example is
Oyu + <(1) _01) D + (? (1)) d,u = 0. (1.5.36)
A more complicated one may be built from Pauli matrices:
G P It S AR T
§o05 + €303 + &40 =611y
with

(L 0, [0y [0y I (01
2=\, -,) =\ -g 0,) %=\ 0)° 77\ 21 0)

In the seminal work by Strichartz [200], the homogeneous case is treated by
noting that the Fourier transform of u is supported by the characteristic cone. It
is important that, away from its singularity, this cone have non-zero curvature. In
particular, we do not expect Strichartz estimates to hold when char(L) has a flat
component, a fact that happens in linearized gas dynamics for instance, or in one-
space dimension. In subsequent studies (see [96,203]), the estimate is obtained as
a consequence of the conservation of energy, a dispersion inequality (an algebraic
decay of ||u(t)|| L« when f = 0), Hardy-Littlewood—Sobolev inequalities and a so-
called T*T argument.

A typical Strichartz inequality for the wave equation 02¢ — A,¢ = 0 is

Il Lay < c(p,q, )| Va,tdli=ol L2, (1.5.37)
which holds when
1 d d 2 d—1 d-1
- +-==--1, - +—<——, 2<p,g<o0, d>2, (1.5.38)
p q 2 P q 2

with the exception of the triplet (p,q,d) = (2, 00, 3). Translating in terms of u,
we obtain an inequality

lullzLgy < e(ps g d)uoll g (1.5.39)

where H'(R?%) denotes the homogeneous Sobolev space of tempered distributions
such that £4(€) is square-integrable. If d > 3, (1.5.39) contains the endpoint case

lull e 2y < eld)uoll g,

where

is the Sobolev exponent:
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This particular inequality is an obvious consequence of the Sobolev embedding
and the constancy of ||u(t)]| g -

For the same trivial reason, if s € (0,d/2), a ‘Strichartz inequality’ holds of
the form

HUHL;c(Lg(S)) < C(S7d)Hu0”Hs7 (1~5'40)

where

Again, as in (1.5.39), this trivial result is simply the endpoint of a list of non-
trivial ones. We also have

”u”Lf(LZ) < c(p7Qa Sad)HUOHHS (1541)
for
1 d d 2 d-1 d—1
*—F*:*—S, *+7S77 2§p7 d22a (1542)
p g 2 p q 2

with the exception of the triplets

a5 = (2 d+1
p7q’8 - d71,007 4 .

We emphasize that (1.5.41) is scale invariant, in the sense that both sides
have the same degree of homogeneity when u is replaced by u*, where u(z,t) :=
u(Az, At), another solution of Lv = 0.

Strichartz estimates vs LP-well-posedness From Brenner’s theorem [22,
23], the Cauchy problem for a Dirac operator is ill-posed in every LP-space but
L2. As a matter of fact, the matrices A® of a Dirac operator satisfy

(A2 =1,, A“A°P+APA~=0, (a#p),

which immediately imply [A%, A?] # 0,,. We shall see that the ill-posedness may
be viewed as a consequence of Strichartz estimates. This must be a rather general
fact, as the lack of commutation of the matrices A of a hyperbolic operator L,
is needed in order that char(L) have non-zero curvature.

Let P be the set of exponents p such that the Cauchy problem for L is
well-posed in LP. Obviously, 2 belongs to P. By standard interpolation theory
(Riesz—Thorin theorem, see [15]), P is an interval. Next, the fact that L* is also a
Dirac operator, plus a duality argument, show that P is symmetric with respect
to the involution p — p’ (as usual, 1/p+ 1/p’ = 1).

Assume that P contains some element ¢ > 2. Hence the solution operator Sy
is uniformly bounded on L? for t € (—1,1). Let s > 0 be such that ¢ > ¢(s), and
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q satisfies the inequalities in (1.5.42), so that (1.5.41) applies for some p. Writing

1 1
w(0) = / w(0) dt = / S_u(t)dt,
0 0
and using (1.5.41), we obtain an inequality
[wlize < cllwll e, Vo € H*(RY).

Such an inequality is obviously false, for instance because it is not scale invariant.
We deduce that

Pcl1,2].

Since P is symmetric upon p+— p’, we conclude that P = {2}, confirming
Brenner’s theorem for Dirac operators.

A proof for the 3-dimensional wave equation We give here the proof of
(1.5.37) for the wave equation

02 = No (1.5.43)
in the special case d = 3. The constraints on (p, q) are therefore
1 3 1 .
—+-=-, 2<p<oo (thatis6<gqg<o0).
poq 2

To keep the presentation as short as possible, we limit ourselves to the proof of
the inequality when ¢|:—g = 0. We recall that, denoting ¢; the time derivative
of ¢ at initial time, the solution of (1.5.43) is given by

1
i o, W )

where S(z;t) is the sphere of radius ¢, centred at z, and ds(y) is the area element.
Denote P; the operator ¢1 — ¢(t). Fourier transforming the wave equation, we
have easily

¢($,t) =

— sint|¢] .
which justifies the notation
sint|D|
t = .
1D

Since the symbol of P; is real, it is a self-adjoint operator. The operator P; P, =
P, P; has symbol

(sin[€]) (sins|€]) _ cos(t — s)[€] — cos(t + s)[¢|

€[? 20512
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Therefore P P, is the convolution operator of kernel (K (-,t — s) — K(-,t + s))/2,
where

t
K( 1) = F 155 f'
€
It is not too difficult to compute, for ¢t > 0,
H(lz| - 1)
K(x;t) =
(251) Ar|x|

where H is the Heaviside function. It follows immediately that
HK('vt)HLT(R:‘) = Crt71+3/r7 r> 3.

From Young’s inequality, we deduce (take r = ¢/2)
1P P e < ela) (Jt = sI7F00 4 45 7590) ey (15.44)

provided that ¢ > 6.
Given a function f € L? (0, +o0; LL), let us form

The T*T argument consists in estimating v in L?(R3). First, we have

ol = ([ P, [ pss)as)

_ /O ” /0 T dtds (P2PLf (1), £(5)).

Using (1.5.44) and the fact that |t — s| < |t + s|, we obtain

loll2s < / / at ds || P2 Pof (8)] ool £(5) |

<2l) [ [ 1= s 9o,

Defining
G(t) ::/O |t — |79 £ ()| L ds,

we infer from the Holder inequality
IWll72 < 2¢(@) 1G]l Lo 0400 11 oy
From the Hardy-Littlewood—Sobolev inequality, we also know
16l r(0-+20) < 7@ 171y
provided that
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It follows that
o2 < €@ 171, (1.5.45)

We conclude via a duality argument. First:

+o00 oo
/ dt [ fodx = / (Pior, f(t)) dt
0 0

R3

“+o0
= (61, /0 P, f(t) d).

Using (1.5.45), we deduce

/0+OO dt/RS fodx

o™ at [y fode)
”f”Lf/(Lg/)

< V@@ 161l 171 g

Therefore,

<V (q) b1z,

H¢||Lf(Lg) = sup
f
which is precisely the expected inequality in our case.

1.5.3  Systems with differential constraints

Several examples in natural sciences involve systems of a slightly more general
form than (1.0.1), because of differential constraints that are satisfied by u(t) at
every time interval. Let us consider the homogeneous case, with B = 0. Then a
typical system has the form

d d
Ou+ Y A%ou=0, Y C"dsu=0, (1.5.46)

a=1 B=1
where C# € M,x,(R), p being the number of constraints.

Such systems occur whenever one rewrites a higher-order system as a first-
order one. Let us take, as an example, the wave equation

02 = 2Ag, (1.5.47)

where ¢ > 0 is the wave velocity. Every solution of (1.5.47) yields a solution
u = (cVz¢, —09) of (1.2.12), where

_( Oa <&
Since A(€) is symmetric, the corresponding system is hyperbolic. The spectrum
of A(&) is easily computed and consists of the simple eigenvalues +c|{|, and the

multiple eigenvalue 0. The latter is actually spurious, only due to the fact that
the mapping ¢ — u is not onto. Therefore, some solutions u do not correspond
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to solutions of the wave equation, whence the need of the constraint curlv =0
on the d first components of u = (v, w).

Another example is provided by Maxwell’s system, which writes, in the
absence of electric charges, as

0¢B + curlD = 0,
0¢D — curlB = 0,
divB = 0,
divD = 0.

Again, the evolutionary part (the two first equations above), constitute a sym-
metric system, therefore a hyperbolic one. We compute easily the eigenvalues,
+]¢| and 0, where zero has no physical significance, and must be ruled out with
the help of the constraints.

Other examples come from field equations in relativity, where gauge invari-
ance implies that natural variables are redundant.

The general philosophy is that the initial data is given satisfying the con-
straints, and the evolution must preserve them. Using a Fourier transform,
it amounts to saying that C(£)A(£)v must vanish when C(£)v does. In other
words, the kernel N (&) of C(§) is an invariant subspace of A(§). As noticed by
Dafermos [45], this property is fulfilled as soon as C*A? + C% A% = 0 holds for
every pair (a, ). As a matter of fact, these identities, which hold frequently,
imply C(§)A(€) = 0. In practice, all examples satisfy the following assumption
(CR):

for non-zero vectors ¢ € R%, the rank of C(€) is constant.

This implies that the vector space N(§) has a constant dimension and that it
depends analytically on &.

We now characterize strong well-posedness of the Cauchy problem for
(1.5.46). Standard functional spaces must be redefined according to the con-
straint. For instance, L2-well-posedness is concerned with the following space

Z = {u € L*(RH)"; ZCﬁagu = 0}.
B

Equipped with the usual L?-norm, Z is a Hilbert space. For an initial datum
a € Z, the solution is formally given by the formula

a(€,t) = exp(—itA(€))a(e). (1.5.48)

Since a € Z, we know that a(£) belongs to N(§) for almost every £. Then an
estimate of the form ||u(t)||z < Clla||z holds if and only if

stgp [lexp(—itAn ()| < +o0, (1.5.49)
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where An(§) is the restriction of A(£) to its invariant subspace N(&). As before,
(1.5.49) holds for some non-zero time tq if and only if it holds for every time
t € R. For instance, the choice t = —1 gives the criterion for L?-well-posedness:

sgp lexp(iAn(€))]| < +o0. (1.5.50)

The L?-well-posedness is again called hyperbolicity. As before, it requires that
Ap (&) (but not necessarily A(€)) be diagonalizable with real eigenvalues. It may
be read in the light of the Kreiss—Strang Theorem 1.2, but for practical purposes,
it is useful to consider two classes of well-posed system. The first one consists in
the constantly hyperbolic systems, namely those for which Ay () is diagonalizable
with real eigenvalues of constant multiplicities, when £ # 0. Strict or constant
hyperbolicity still implies hyperbolicity.

The second important class consists in the Friedrichs-symmetrizable systems.
Symmetrizability is the property that there exist a real symmetric definite-
positive matrix S and a matrix M € M, «,(R), such that % := SA* + MC*
is symmetric, for every a =1,...,d. Such systems obey the following energy
identity

0(Su,u) + Y 0a(S%u,u) =0, (1.5.51)

which yields the estimate

/ (Su(, £), u(z, £)) dz = / (Sa(x), a(x)) da. (1.5.52)
R4 Rd

The positiveness of matrix S may actually be relaxed in a non-trivial way. For
that, let us define a cone A in R™, by

A={AeR™; A0, C(ON=0} = [ N(©).
§#0
The following statement is called compensated compactness.

Theorem 1.10 (Murat [145], Tartar [202]) Let S be a symmetric n x n matriz.
The quadratic form

ve— [ (Sv,v)dz
R4
is positive-definite on Z if and only if (SA,X) > 0 for every non-zero A € A. In
such a case, ils square Toot defines a norm equivalent to || - || z.

From this, we again obtain an L? estimate from (1.5.52), in some cases where
there does not exist a positive-definite symmetrizer S.

Elastodynamics An important application of this calculus arises in elastody-
namics. Non-linear elastodynamics obeys a second-order system in the unknown
y called displacement. When written as a first-order system in terms of the
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first derivatives u;q 1= 0ay; (1 <j<d, 0 <a <d with dy :=0;), it must be
supplemented with the compatibility relations

aanﬂ - agu]‘a = 0, Oé,ﬂ,j > 1.

We immediately compute that v € A if and only if the submatrix (vja)i<a,j<d
has rank at most one. For hyperelastic materials, this non-linear system is
endowed with an energy density W(Vy). A natural restriction is that the map
x +— y preserves the orientation, so that det Vy > 0 everywhere. In particular, the
energy density W (F') must become infinite as det F' tends to zero. Besides, the
frame indifference implies that W(QF) = W(F) for every F,Q with det F' >0
and @ € SO4(R). It is shown in [36] (Theorem 4.8.1, page 170) that such a
function cannot be convex’. Now, let us choose a matrix F in the vicinity of
which W is not convex, locally. The constant state @ defined by ;o 1= Fjq if
a # 0 and zero otherwise is an equilibrium. Let us linearize the system about 4.
The resulting system has constant coefficients and obeys the same differential
constraints as the non-linear one. It is compatible with an energy identity
(1.5.51), where (Su,u) encodes the second-order terms of the Taylor expansion
of the full mechanical energy at u. In particular, S is not positive. However, W
can be quasiconvez at F', in the sense of Morrey [143], which means

W(F +Vi)der >0, Ve 2(RY). (1.5.53)
R4

Quasiconvexity implies the Legendre—Hadamard inequality
(S\,A\) >0, AeA, (1.5.54)

a weaker property than convexity. When (1.5.54) holds strictly for non-zero A, the
compensated-compactness Theorem tells us that (1.5.52) is a genuine estimate
in Z. In such a case, the linearized problem is strongly L?-well-posed.

We shall not consider in this chapter the local well-posedness of the non-
linear system. The Cauchy problem for quasilinear systems of conservation laws
is treated in Chapter 10. Let us mention only that a system of conservation laws
endowed with a convex ‘entropy’ has a well-posedness property within smooth
data and solutions (see Theorem 10.1). In elastodynamics, the system governs
the evolution of u = (v, F) = (0:y, V.y). Since the entropy of our system is the
energy 3|v|?> + W (F), which is not convex, the above-mentioned theorem does
not apply. However, Dafermos [46] has found a way to apply it, by rewriting
the system of elastodynamics in terms of u and all minors of the matrix F. See
also Demoulini et al. [48]. As a consequence, the local well-posedness is obtained
whenever W is polyconvex, that is a convex function of F' and its minors.

Electromagnetism Let us consider Maxwell’s equations. The kernel N(§)
equals &+ x &+, where ¢1 is the orthogonal of ¢ in the Euclidean space R3.

"We warn the reader that the phase space G‘.L;r (R), made of matrices F' with det F' > 0, is not a
convex set. Thus the convexity of a function is a meaningless notion.
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Therefore A equals R, and the symmetrizability has to be understood in the
usual sense. In the vacuum, H = B and EF = D, for appropriate units. The
system is already in symmetric form. In a ‘linear’ material medium, which may be
anisotropic, H, F still are linear functions of B, D. For linear as well as non-linear
media, there is a stored electromagnetic energy density W (B, D), and E, H are
given by the following formulee (see [37])

ow ow
J

oD;’
In the linear case, W is a quadratic form. The Maxwell system is compatible,
as long as we consider ¢! solutions, with the Poynting identity, which expresses
the conservation of energy

8,W (B, D) + curl(E x H) = 0. (1.5.55)

Let us consider the linearized system about some constant state (B, D). The
former considerations show that if the matrix S := D?W (B, D) is positive-
definite, then the linear Cauchy problem is L?-well-posed. We can actually relax
the convexity condition, with the following observation. The Maxwell system is
also compatible with the extra conservation law (herebelow, u := (B, D))

O¢(B x D) + div (?g@B) + div (?;g@D) +VW —u-V,W)=0.
At the linearized level, we may consider a modified energy density wuSu +
det(X, B, D), where X is a given vector in R3. If there exists an X such
that w.Su + det(X, B, D) is positive-definite, then the linear system is Friedrichs
symmetrizable and the Cauchy problem is L?-well-posed. An obvious necessary
condition for such an X to exist is that uSu > 0 whenever B x D =0 and
(B,D) # 0. At the non-linear level, the same procedure as the one imagined
by Dafermos in elastodynamics may be employed. The result is that the non-
linear Maxwell’s system is locally well-posed for smooth initial data and smooth

solutions, whenever W can be written as a convex function of B, D and B x D.
(See [21,188].)

1.5.4  Splitting of the characteristic polynomial

We give in this section a property of the characteristic polynomial (X;¢) —
det(X T, + A(§)), when the operator L = 0; + > A%0, is constantly hyperbolic.
Let us begin with an abstract result.

Lemma 1.3 Let P(X;60;,---,04) be a homogeneous polynomial of degree n in
1+ d variables, with real coefficients. Assume that the coefficient of X™ is non-
zero. Assume also that for all 8 in a non-void open subset @ of R?, the polynomial
Py := P(-,0) has a root with multiplicity > 2. Then P is reducible in R[X,0).

Proof Let us denote by R := R[01, - ,60,] the factorial ring of polynomials in
d variables 6 and by k:=R(0;, - ,04) the field of rational fractions in 4. We
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first consider P as an element of k[X]. Let us recall that k[X] is a Euclidean
ring, which has therefore a greatest common divisor (g.c.d.)

Let @Q be the g.c.d of P and P’ in k[X], a monic polynomial of X. Its
coefficients, belonging to k, are rational fractions of 6. We denote by Z the
zero set of the product of denominators of these fractions; Z is a closed set with
empty interior.

When 6 € O\ Z (this is a non-void open set), Qp := Q(+,0) has a non-trivial
root, which means that either Qg = 0 or d°Qy > 1. However, the condition Qg =
0 defines a non-trivial algebraic manifold M (the intersection of the zero sets of
the coefficients of @), again a closed set with empty interior. Therefore, there
exists a 6 for which d°Qy > 1, and consequently d$ @ > 1.

Since @Q divides P in k[X], we write P = QT, with T € k[X]. Multiplying by
the l.c.m. of the denominators of all coefficients of @ and T (a least common mul-
tiple (I.c.m.) and a g.c.d. do exist in the factorial ring R), we have g(0)P = Q1T1,
where g € A, Q1,71 € R[X] and 0 < d$ Q1 < n. We recall that the contents of
a polynomial S € R[X], denoted by ¢(5), is the g.c.d. of all its coeflicients.
From Gauss’ Lemma, ¢(Q171) = ¢(Q1)c(T1) and therefore g = ¢(Q1)c(T1), since
¢(P) = 1 by assumption. We conclude that P = QoT%, where Q2 := ¢(Q1) Q1 €
R[X] and similarly Ry € R[X]. Moreover, 0 < d%Q2 < n, which shows that P is
reducible in R[X] = R[X, 0]. O

Corollary 1.2 Let P € R(X,0) be homogeneous with dx P = diy o P. Let

L
P= H IDIL]z
=1

its factorization into irreducible factors in R(X,8), the Ps being pairwise dis-
tinct.

Then each P, has the following property: for an open dense subset of values
of 0 in R?, the roots of P,(-,0) are simple.

We now apply the corollary to the characteristic polynomial.

Proposition 1.7 Let the operator L := 0y + ) A%0y be constantly hyperbolic.
Then the characteristic polynomial det(X I, + A(E)) splits as a product

L
117" (1.5.56)
=1

where the Ps, normalized by P;(1,0) = 1, satisfy

e Each P, is a homogeneous polynomial of (X; &),

e The P;s are irreducible, pairwise distinct,

e For £ € RY\ {0}, the roots of Py(-, &) are real and simple,

® Foré € RI\ {0} andl # k, Pi(-, &) and Pi(-,€) do not have a common root.
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An example Let us consider Maxwell’s equations, where d = 3, n = 6 and

o= (e N0). sV =ex

An elementary computation gives:
det(XTs + A(€)) = X?(X* — [¢*)*.

Hence the splitting described in Proposition 1.7 corresponds to P;(X,€) = X,
PQ(X7£) = X2 - |£|27 q1 = q2 = 2.

1.5.5  Dimensional restrictions for strictly hyperbolic systems

We begin with a matrix theorem, due to Lax [111] in the case n =2 (mod 4),
and to Friedland et al., [62] in the case n = 3,4,5 (mod 8):

Theorem 1.11 Assume that n = 2,3,4,5,6 (mod 8). Let V' be a subspace of
M, (R) with the property that every non-zero element in V has its eigenvalues
real and pairwise distinct. Then dim'V < 2.

In terms of hyperbolic operators, this tells us that strictly hyperbolic operators
in space dimension d > 3 can exist only if n = 0,41 (mod 8) (assuming that the
operator really involves all the space variables). This explains why constantly
hyperbolic operators occur so frequently, as they exist in space dimension three
at every size n > 4. The simplest examples are:

n = 4. Linearized isentropic gas dynamics.
n = 5. Linearized non-isentropic gas dynamics.

n = 6. Maxwell’s equations. We know also of a non-equivalent example of this
size.

Proof We prove only the Lax case n = 2 (mod 4). We argue by contradiction,
assuming that dim V' > 3. We label the eigenvalues in the increasing order:

MM) < < A(M), M #0,.

Every non-zero element M in V, having real and distinct eigenvalues, is asso-
ciated with finitely many (precisely 2") unitary bases of R™, which depend
continuously on M. In other words, the set of (real) unitary eigenbases is a finite
covering (with 2" sheets) of V' \ {0, }. Since the base space is simply connected
(because d > 3), the covering is trivial and a continuous map M +— B(M) can
actually be defined globally, where

B(M)={ri(M),...,r (M)}

is an eigenbasis. By continuity, all the bases B(M) have the same orientation.
On the one hand, it holds that

)‘j(_M) = _/\n—j+1(M), j=1...,n.
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It follows that
T’j(*M) = :l:rn—j+1(M)~

By continuity, the sign £+ above is constant and depends only on j, but not on
M. Denote it p;. Exchanging j with n — j + 1, we obtain

On the other hand, we know that {ri(M),...,r,(M)} and
{p1ra(M),...,ppr1(M)} = {ri(=M),...,r,(—M)} have the same orientation.
Since n =2 (mod 4), the order reversal®

(r (M), ..., 10 (M)} = {ra(M),...,r1(M)}

reverses the orientation. Therefore, it must hold that

n
[Iri=-1
j=1

This, however, is incompatible with (1.5.57) when n is even. O

Note that if dim V' = 2 (that is for strictly hyperbolic operators in two space
dimensions), there does not need to exist a continuously defined eigenbasis on
V'\ {0,,}, as this set is not simply connected. For instance, the system (1.5.36)
does not have this property: When following a loop around the origin in V| the
eigenvectors are flipped.

1.5.6  Realization of hyperbolic polynomial

Let p(Xo,...,Xq), a homogeneous polynomial of degree n, be hyperbolic with
respect to a vector T' € R+ in the sense of Garding (see Section 1.4.4).

Given a hyperbolic polynomial p of degree n in d+ 1 variables, one may
always assume that T is the first element €° of the canonical basis. A natural
question is whether p can be realized as py, for some hyperbolic operator L. The
case d =1 is easy. Lax [110] conjectured that if d =2, the answer is positive
and one can choose a Friedrichs-symmetrizable operator. This has been proved
recently by Lewis et al. [114], following a result by Helton and Vinnikov [82]. One
easily sees that the hyperbolic polynomial ¢(X) := X — X{ —--- — X2 cannot
be realized if d > 3. However, it may happen that some power ¢ be realizable,
as in the case of Maxwell’s system, or Dirac systems. The fundamental question
whether every hyperbolicity cone can be realized as a forward cone for some
hyperbolic operator remains open so far.

Notice that two different hyperbolic operators L and L’ can yield the same
polynomial,

bL =Dpr-

8This part of the proof would also work when n =3 (mod 4).
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This happens at least when L’ is obtained from L by a linear change of variables.
Then (A®)" = P=1A“P for some non-singular matrix. We can also make only
a linear combination of the equations, which yields an operator L” = Sy0; +
Y 0 5%0a, where S := Sy A%, which modifies p;, by a constant factor. Change
of co-ordinates should also be allowed.

It is an important problem to classify the hyperbolic operators up to such a
change. The characteristic cone is of course an invariant of this problem, but it
is not the only one. There actually exist non-equivalent operators that have the
same characteristic cone. A way to go forward, which has not been pushed so far,
is to consider the characteristic bundle, whose basis is the characteristic variety
(the projective set associated to the characteristic cone) and the fibres are the
corresponding eigenfields. This bundle is modified by the change of variables and
the combinations of equations, by its topology is not. Thus the Chern class of
the bundle is a more accurate invariant. When the characteristics have variable
multiplicities, the cone and the bundle are not smooth and the analysis becomes
more difficult.

A similar problem, perhaps even more important is to classify within the
set of symmetrizable operator, since the physics usually provides a Friedrichs
symmetrizer, through an energy estimate or an entropy principle. Of course,
the characteristic bundle remains a crucial tool. But some other invariants may
appear, in particular in the case where L admits a linear velocity

A =V-§,
which can be brought to the case A(§) = 0. See the discussion in Section 6.1.2.





